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We discuss the vibrational dynamics of bond-centered protons �HBC
+ � and deuterons �DBC

+ � in monoisotopic
�28Si, 29Si, and 30Si� silicon crystals, based on joint infrared absorption measurements and ab initio modeling
studies. Protons and deuterons have been implanted at temperatures below 20 K, and in situ–type infrared
absorption measurements have subsequently been performed at 8 K. A major absorption line is observed at
1998 cm−1 after proton implantation, which has previously been ascribed to a local mode of HBC

+ . We find that
the HBC

+ mode at 1998 cm−1 displays an anomalous �positive� frequency shift when the Si isotope mass is
increased, unlike the analogous DBC

+ mode at 1448 cm−1, which shows a negative shift. This effect cannot be
described with a purely harmonic model. We show that the mode frequencies are accurately accounted for with
a simple model based on a linear Si-H-Si structure when anharmonicity, volumetric effects due to the host-
isotope mass, and the coupling of the Si-H-Si unit to the lattice are taken into account. Interstitial oxygen �Oi�
atoms in silicon, also located at the bond-center site, are as well investigated in a parallel way. The relative
contributions of the different terms of the vibrational model to the mode frequency of HBC

+ and Oi are
compared. The anomalous �positive� isotope shift of HBC

+ results from mixing via anharmonicity of A2u and A1g

modes of the Si-H-Si unit, which shows that a reliable vibrational model has to take into consideration the
local structure of the defect. The mode frequency of the Oi defect exhibits the normal �negative� isotope shift,
because the relatively modest contribution of anharmonicity diminishes the importance of the mode mixing.
The effect of the defect-lattice coupling on the stretch-mode frequencies of HBC

+ and Oi is also discussed.
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I. INTRODUCTION

The background for the interest in point defects in semi-
conductors is both fundamental and technological. Among
the point defects, the class of hydrogen-related defects is of
interest. Hydrogen is known to react with many other de-
fects, including dopants, and to modify their electrical and
optical properties by passivating, displacing, or even activat-
ing electrical levels.1–3 The presence of such defects involv-
ing light impurity atoms frequently leads to the appearance
of local vibrational modes �LVMs�, with frequencies that
mostly depend on the binding properties and effective mass
of the impurity atoms. Therefore, the study of LVMs com-
bined with isotope substitutions is particularly valuable as it
provides an unambiguous fingerprint of the light elements
involved in a defect.

LVMs of impurity defects are commonly discussed within
the harmonic approximation and assuming that the defect
local structure may be reduced to that of a diatomic system.

In the diatomic model, one atom represents the impurity and
the other represents the crystal host atoms to which the im-
purity is bonded. The frequency shifts that result when the
isotope mass of the impurity and/or ligand atoms is changed
�isotope shifts� may easily be calculated within this approxi-
mation, where the vibrational frequency is proportional to
the inverse of the square root of the oscillator effective mass.
Although often satisfactory, this approach is inadequate to
describe light-element dynamics, where anharmonicity may
account for up to 10% of the mode frequency. In such cases,
anharmonicity strongly affects isotope shifts. A further com-
plication is that a suitable description of defect vibrational
dynamics has to consider how local modes are affected by
the surrounding lattice. This defect-host coupling has com-
monly been accounted for by scaling the mass of the host
species with an empirical parameter, known in the literature
as the defect-lattice coupling parameter �.4 In combination
with the � parameter, the two-atom harmonic model has been
very successful in describing LVMs of simple impurity-
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defects. However, for strongly anharmonic systems the
model parameters, i.e., the harmonic force constants and �,
become contaminated with anharmonicity �see Sec. III�.
Moreover, in some cases the defect vibration problem cannot
be reduced to that of a diatomic molecule and, therefore,
local structure of the defect has to be considered explicitly,
as will be shown below. The recent availability of quasimo-
noisotopic Si crystals5 opens prospects for the investigation
of the host-mass dependence and the anharmonic properties
of defect-related vibrations. Moreover, the effect of defect-
lattice coupling on the impurity-related LVM frequencies
may be better understood. In very recent investigations, the
study of quasimonoisotopic Si crystals have revealed richer
physics and subtleties that are unattainable in natural mate-
rial. Examples are the reported anomalous isotope shifts that
result from the volume dependence on the host
isotope-species,6 or the assignment of radiation-induced op-
tical data to small self-interstitial aggregates in Si.7

In this paper we report on a detailed study of the LVMs of
HBC

+ in monoisotopic silicon, for which we observe an
anomalous positive shift of the stretching frequency when
the Si isotope is increased. We present a combined experi-
mental and ab initio modeling study of how anharmonic ef-
fects and the coupling of the HBC

+ to the lattice affect the
stretch modes of this defect in silicon. The HBC

+ defect in
silicon is an interesting case study because �i� hydrogen is
the lightest element and large anharmonic effects are ex-
pected, �ii� the structure of HBC

+ is well established, and per-
haps more importantly �iii� the large mass difference be-
tween the two stable isotopes implies a considerable
reduction of the anharmonic contribution when hydrogen is
replaced by deuterium �D�. In order to get a better insight
into the problem, we extended the investigations to include
the interstitial oxygen �Oi� defect in silicon. Its structure is
rather similar to that of HBC

+ , but the relative difference be-
tween the masses of the 16O and 18O isotopes is drastically
smaller than for H and D.

Hydrogen in silicon occupies the bond-center position be-
tween two bonded Si atoms in the neutral and positive charge
states, which results in defects with D3d symmetry. The
bond-centered hydrogen is the most fundamental hydrogen-
related defect in silicon and it has been characterized in great
detail both by experimental8–14 and theoretical15–19 methods.
In the positively charged hydrogen defect, the two electrons
occupy a three-center bond sp3�Si�+s�H�+sp3�Si�, which re-
sults from the symmetric combination of the two Si sp3 hy-
brids and the hydrogen 1s orbital, whereas in the neutral-
charge state the additional electron enters the antibonding
state sp3�Si�-sp3�Si�. In natural silicon, HBC

+ gives rise to a
major absorption line at 1998 cm−1.11,20 Analogously, a cor-
responding DBC

+ -related vibrational line appears at
1448 cm−1. These bands arise from the asymmetric stretch
modes of Si-HBC

+ -Si and Si-DBC
+ -Si, respectively, where the

atoms vibrate along the �111� trigonal axis. The HBC
+ defect is

unstable at room temperature. However, it may be introduced
at cryogenic temperatures by proton implantation and subse-
quently the defect may be detected by a record of the infra-
red absorbance spectrum without any intermediate heating of
the sample.

The properties of oxygen in silicon have also been inves-
tigated extensively due to their importance in device engi-
neering. It is generally accepted that interstitial oxygen in
silicon occupies a bridging position between two Si
atoms.21–28 Although ab initio calculations indicate that the
Si-O-Si unit has a slightly puckered form in the frozen
ground-state structure,24–28 they also predict a very small en-
ergy barrier to move the oxygen atom through the bond-
center site. Actually, after considering zero-point energy mo-
tion, the Oi defect effectively assumes a linear Si-O-Si
structure.23,27 Interstitial oxygen is responsible for a promi-
nent IR absorption band located at 1136 cm−1 at cryogenic
temperatures. This band is attributed to the Si-O-Si asym-
metric stretch mode,22,23 i.e., it is analogous to the 1998
-cm−1 band of HBC

+ in silicon.
This paper is organized as follows. Section II describes

the details about the experiments and consequent data. In
Sec. III we briefly review the diatomic model that is com-
monly used to describe LVMs of impurity-defects and dis-
cuss its applicability to the case of HBC

+ in silicon. In Sec. IV
we introduce the defect vibrational model that explains the
isotope shifts observed for the HBC

+ mode frequencies. This
includes the lattice-defect coupling and harmonic and anhar-
monic contributions. Section V contains the details and re-
sults of the ab initio calculations, and finally, we discuss and
summarize the results in Sec. VI.

II. EXPERIMENTAL DETAILS AND RESULTS

In the present work we used isotopically enriched 28Si
�enriched to 99.93%�, 29Si �enriched to 97.10%�, and 30Si
�enriched to 99.75%� crystals grown by the Czochralski
method.5 Samples with dimensions of approximately 8�8
�0.7 mm3 were cut from the three crystals, and were me-
chanically polished on the two opposing 8�8 mm2 faces to
ensure maximum transmission of the infrared light.

The samples were mounted in a cryostat equipped with
two CsI windows and one 0.2-mm-thick aluminium window.
The cryostat was placed inside a vacuum chamber, which in
turn was connected to the accelerator beam line. The samples
were kept in good thermal contact with the cold finger of a
closed-cycle helium cryocooler, which allowed us to keep
the sample temperatures below 20 K during implantation.
The samples were implanted through the aluminum window
on one of the 8�8 mm2 faces with protons �or deuterons�
with different energies in the range 5–10 MeV. The implants
were done sequentially from high to low energies, and the
energy step and doses at each energy were adjusted to result
in a nearly homogenous hydrogen �or deuterium� concentra-
tion of 1018–1019 cm−3 in the range 150–550 �m below the
surface. The ion beam was swept vertically and horizontally
in order to obtain a uniform lateral distribution of the im-
planted species. At each energy, the beam current was mea-
sured before implantation with a beam cup, and the time of
the implant was estimated taking into account the measured
current and the desired dose. After the implantation, the cry-
ostat was moved to the infrared spectrometer, while keeping
the sample temperature below 20 K. This in situ–type proce-
dure prevented hydrogen �or deuterium� from migrating and
reacting with other defects.
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The infrared absorption measurements were carried out
with a Nicolet System 800 Fourier-transform spectrometer,
equipped with a glowbar light source, a Ge-KBr beam split-
ter, and a mercury-cadmium-telluride detector. In this con-
figuration, the spectrometer covered the spectral range from
600 to 4000 cm−1. All the spectra were obtained at �8 K
with an apodized resolution of 0.25 cm−1. Intense water-
related absorption lines were removed from the spectra by
subtraction of a water reference spectrum measured with the
same acquisition parameters.

After proton implantation a dominant absorbance line is
observed at about 1998 cm−1 in all samples. This absorption
line is shown in Fig. 1 for the 29Si sample. The 1998-cm−1

line anneals out after heat treatments above 200 K. The value
of the frequency as well as its annealing behavior confirm
that this line represents the excitation of the asymmetric
stretch mode of HBC

+ .11,20

In Fig. 2, sections of the absorbance spectra recorded on
the 28Si, 29Si, and 30Si samples after low-temperature proton
and deuteron implantation are compared. In order to achieve
an accurate determination of the frequencies of the modes for
the different silicon isotopes, the experimental line shapes
were fitted to Lorentzian profiles and the resulting best fits
are represented by dashed lines in Fig. 2. We note that when
the mass of the host species are changed the HBC

+ and DBC
+

bands shift in opposite directions. The frequency of the HBC
+

mode increases slightly when the silicon mass increases,
whereas the DBC

+ mode frequency decreases. This puzzling
observation will be discussed below.

III. THE DIATOMIC MODEL AND LATTICE-COUPLING
PARAMETER

The LVM frequencies induced by impurity-defects in
semiconductors are commonly described with the help of a

model that considers a diatomic molecule X-Y with harmonic
frequency �harm

mol ,4

�harm
mol =� F

Mmol
�1�

with

1

Mmol
=

1

mX
+

1

�mY
, �2�

where mX and mY are the masses of the impurity X and host
atoms Y, respectively, and the harmonic effective force con-
stant of the oscillator is F. In the framework of this model
the defect-host coupling is accounted for by scaling the mass
of the ligand species by the empirical parameter �. The pa-
rameters F and � may be obtained from a fit of Eq. �1� to
experimental LVM frequencies. The value of � depends on
�i� the number of atoms that neighbors the impurity, as well
as on �ii� the defect-host coupling. Despite the impossibility
of separating the effects �i� and �ii�, this formalism has been
applied successfully in describing isotope shifts on LVMs for
simple defects like substitutional impurities in silicon,29,30

and hydrogen-related defects in gallium arsenide.4

A problem with this approach originates from the fact that
when both � and F are obtained from a fit to isotope data,
they become contaminated by anharmonic effects. For ex-
ample, the hydroxyl free radical has an O-H stretch mode at
3568.0 cm−1 �for OH−� and at 2632.1 cm−1 �for OD−�, lead-
ing to F=42.68 eV/Å2 and �=0.6446, which is far off from
the expected value �=1.0. On the other hand, the observa-
tion of hot vibrational bands allowed the estimation of the
harmonic frequencies at 3735.21 cm−1 �for OH−�, and
2720.9 cm−1 �for OD−�. These correspond to rather different

FIG. 1. Absorbance spectra recorded at 8 K on the 29Si-enriched
sample �a� after implantation with protons at T�20 K and after
30 min. annealing at �b� 125 K and �c� 200 K.

FIG. 2. Sections of absorbance spectra measured at �8 K
on proton- and deuteron-implanted 28Si �28Si:H and 28Si:D�,
29Si �29Si:H and 29Si:D�, and 30Si �30Si:H and 30Si:D� crystals.
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values of F=48.16 eV/Å2 and �=0.9576, which is now
close to 1.

Another drawback of the theoretical approach of Eq. �1� is
that for some complexes it is not possible to describe the
vibrational properties accurately enough with a simple two-
atom model, even when anharmonicity is taken into account.
This is demonstrated by comparing the defect mode to that
of an anharmonic diatomic molecule, for which the fre-
quency may be written as4

�mol = �harm
mol + �anharm

mol =� F

Mmol
+

Amol

Mmol
, �3�

where F and Mmol stand for the effective force constant and
effective mass of the diatomic oscillator, and Amol is the an-
harmonic parameter, which is normally negative. It is easily
seen from Eq. �3� that when the mY mass is increased the
harmonic term contributes with a negative shift to �mol,
whereas the anharmonic contribution to the isotope shift is
positive. For small changes in the host mass mY, the magni-
tude of the ratio between the anharmonic ���anharm

mol � and har-
monic ���harm

mol � isotope shifts is

���anharm
mol

��harm
mol � � 2��anharm

mol

�harm
mol � . �4�

The magnitude of �anharm
mol is always much less than 50% of

�harm
mol . Therefore, from Eq. �4� the magnitude of the harmonic

isotope shift �negative� is always much larger than ��anharm
mol

�positive� and, hence, the diatomic anharmonic potential can-
not account for the positive isotope shifts observed for the
HBC

+ data. This suggests that one should apply the diatomic
model with caution. In the following section, we introduce a
simple model to describe the anomalous vibrational proper-
ties of the HBC

+ defect in silicon, which takes into consider-
ation the specific local structure of this defect.

IV. VIBRATIONAL MODEL FOR HBC
+ IN SILICON

A. Harmonic model

In order to understand the observed isotope data, we in-
troduce a model that is based on the Si-H-Si unit shown in
Fig. 3. The displacement coordinates r1 and r2 define the
streching of the two Si-H bonds with respect to the equilib-
rium situation. We note that the observed mode for HBC

+ at
1998 cm−1 corresponds to the hydrogen atom oscillating
along the Si-H-Si axis �asymmetric stretch�. This frequency
is substantially higher than the Raman frequency in Si, and
even higher than that expected for the bond bend vibration,
where hydrogen oscillates in the 	111
-plane perpendicularly

to the Si-H-Si axis. Therefore, we will not consider the cou-
pling between stretch- and bend-mode vibrations of the hy-
drogen atom. In addition, we will initially neglect the cou-
pling of the Si-H-Si unit to the lattice. With these initial
assumptions, the vibrational problem is reduced to that of a
pair of Si-H coupled oscillators. Within the harmonic ap-
proximation, a Hamiltonian may be written as31

Hharm = −
�2

2 �
i,j

Gij
�2

�ri�rj
+

1

2�
i,j

Fijrirj , �5�

where i , j� 	1,2
 and

G = � � − �H

− �H �
, F = � f f�

f� f
 , �6�

with

�H =
1

mH
and � =

1

mH
+

1

mSi
. �7�

Here, mH and mSi denote the hydrogen �or deuterium� and
silicon atomic masses, respectively. The coupling to the lat-
tice may be introduced in an ad hoc manner at this point.
First, we may consider the force constants f and f� to be
effective force constants, which have values that depend on
the surrounding lattice. Moreover, the effective mass of the
silicon neighbors of the bond-centered hydrogen will differ
from that of a free silicon atom due to the contribution of the
surrounding lattice. Therefore, we substitute � given in Eq.
�7� by

� =
1

mH
+

1

�mSi
, �8�

where � is a factor accounting for the defect-lattice coupling
�see Sec. III�. It should be noted that in the general case �
differs from the parameter of the diatomic model �, because
the latter also depends on the local structure of the defect.
The mode frequencies of the triatomic system may be deter-
mined by solving the secular equation31

�GF − �2I� = 0, �9�

with I representing the identity matrix. Thus, for a D3d sym-
metric Si-H-Si oscillator, we find the frequencies for the
asymmetric �harm

A2u and symmetric �harm
A1g stretch modes to be

�harm
A2u =� f − f�

meff
�10�

and

�harm
A1g =� f + f�

�mSi
, �11�

where the effective mass of the oscillator meff is given by

1

meff
=

2

mH
+

1

�mSi
. �12�

The normal coordinates for the two modes may be expressed
as

FIG. 3. A sketch of the Si-H-Si triatomic unit used as a defect
model.
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QA2u
=�meff

2
�r1 − r2� �asymmetric� , �13�

QA1g
=��mSi

2
�r1 + r2� �symmetric� . �14�

The symmetric A1g mode involves only oscillations of the
two silicon atoms. Thus, this mode has a low frequency and
the assumptions made above for the asymmetric mode are
inadequate for this mode. For convenience, any vibrational
frequency � stated below refers to the A2u asymmetric mode,
unless stated otherwise. Note that since the structure of the
HBC

+ defect is well established, i.e., the H atom has two Si
neighbors, the effects �i� and �ii� discussed in the previous
section are a priori separated in Eqs. �10� and �12� by as-
signing a coupling constant � to each Si-H bond.

B. Anharmonic contributions

Equation �10� predicts a decrease of the asymmetric
stretching frequency as the Si mass increases. Although this
trend is observed for the DBC

+ related band, it contrasts with
the peak frequency of HBC

+ , which increases slightly when
the Si mass increases �see Fig. 2�. This behavior cannot be
accounted for with a vibrational model solely based on har-
monic terms.

The cubic U3 and quartic U4 terms in the potential energy
for a linear Si-H-Si oscillator with inversion symmetry may
be written as

U3 = f3�r1
3 + r2

3� + f3��r1
2r2 + r1r2

2� , �15a�

U4 = f4�r1
4 + r2

4� + f4��r1
3r2 + r1r2

3� + f4�r1
2r2

2, �15b�

where f3, f3�, f4, f4�, and f4� are cubic and quartic force con-
stants. We treat the anharmonic terms U3 and U4 as pertur-
bations to the zero-order Hamiltonian given in Eq. �5�. The
anharmonic contribution to the energy is calculated as the
sum of the second-order correction to the cubic terms and the
first-order correction to the quartic terms. We find that the
frequency correction, �anharm, to the asymmetric harmonic
frequency, �harm, has the following dependence on the sili-
con and hydrogen isotope masses:

�anharm = �anharm
A + �anharm

B + �anharm
C

=
A

meff
+

B
��mSimeff

+
C

�mSi
, �16�

with meff given in Eq. �12� and the parameters A, B, and C
given by �see the Appendix�

A = −
3�

2
� �3f3 − f3��

2

3�f2 − f�2�
−

2f4 − 2f4� + f4�

2�f − f��
� , �17a�

B � −
3�

4 � �f3 + f3���3f3 − f3��

�f + f���f2 − f�2
+

�3f3 − f3��
2

6�f − f���f2 − f�2

−
6f4 − f4�

3�f2 − f�2� , �17b�

C �
�

16

�3f3 − f3��
2

�f − f��2 . �17c�

The origin of the individual terms in Eq. �17� becomes clear
after rewriting U3 and U4 in normal coordinates QA1g

and
QA2u

, i.e.,

U3 = 2a3�f3 + f3��QA1g

3 + 2ab2�3f3 − f3��QA1g
QA2u

2 ,

�18a�

U4 = a4�2f4 + 2f4� + f4��QA1g

4 + 2a2b2�6f4 − f4��QA1g

2 QA2u

2

+ b4�2f4 − 2f4� + f4��QA2u

4 , �18b�

where

a =
1

�2�mSi

and b =
1

�2meff

.

From a comparison of Eqs. �17� and �18� it is seen that
�anharm

A contains a contribution from a cubic term, which
mixes the A1g and the A2u modes, in addition to a contribu-
tion from a quartic term, which does not mix the two modes.
The other terms in Eq. �16�, �anharm

B and �anharm
C , arise solely

from terms of the potential energy that mix the two modes.
The force constants that define the potential energy are

normally assumed to be independent of the mass of the host
atoms. However, this will not be an adequate approximation
in our case, because a change of isotope �and mass� of the
host atoms leads to a small change in the volume �and lattice
parameter� of the crystal due to anharmonicity. This in turn
leads to a change in the force constants that enter in our
calculation of �harm

A2u . We will lock all force constants at the
value they have for the 28Si crystal and then account for the
change in the lattice parameter by adding a volumetric cor-
rection term �vol to the calculated frequencies for the 29Si
and 30Si crystals.

The dependence of the Si lattice constant on the isotope
mass has been accurately measured by the x-ray standing-
wave technique.32 At low temperatures ��30 K�, the relative
change in the lattice parameter �a /a is found to be −3.0
�10−5�mSi, where �mSi is the change in the silicon isotope
mass in atomic mass units relative to 28Si. An identical
change in the lattice parameter can be achieved by hydro-
static pressure P. Fortunately, Budde et al.13 investigated the
changes in the frequency of the 1998-cm−1 mode induced by
uniaxial stress. The ratio between the frequency change and
the change in hydrostatic pressure �� /�P is equal to the
trace of the piezospectroscopic tensor A associated with the
mode of interest. For a trigonal defect, the trace of A is
Tr�A�=3A1.33 From the value of A1 determined in the
uniaxial stress measurements13 we get that �� /�P
=27±3 cm−1/GPa. Since the relative change in volume is
�V /V=3�a /a=−9�10−5 and the bulk modulus of silicon at
low temperature is B=97.9 GPa, we get that the volumetric
correction may be expressed as
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�vol = 0.24 � �mSi �cm−1� . �19�

This correction is of the same magnitude as the observed
shifts on the hydrogen-mode frequencies when the Si iso-
topes are changed and, thus, the correction cannot be ne-
glected in this context. Hence, we need to consider

� = �harm + �anharm + �vol. �20�

There are no uniaxial stress data available for the
1448-cm−1 mode corresponding to DBC

+ . For a simple har-
monic oscillator the change in the frequency 	� when the
force constant F is changed is given by 	�=�	F /2F. The
force constants do not depend on the mass of the hydrogen
isotope and, thus, 	� is proportinal to �. Therefore, we have
assumed that the ratio between the volumetric correction for
the deuterium and the hydrogen cases is equal to �D/�H.

In Table I, we report the measured absorption frequencies
�exp of HBC

+ and DBC
+ together with the corrected frequencies

�exp−�vol, which do not depend on the crystal volume. Two
models were fitted to the measured absorption frequencies
�exp: �i� the harmonic model �HMmod� based on Eq. �10� and
�ii� the anharmonic model �AMmod� based on Eq. �20�. The
frequencies corresponding to the best fit obtained with the
two models are summarized in Table I. As expected, the
HMmod not only fails to reproduce the opposite Si isotope
shifts for hydrogen and deuterium, but also overestimates
their magnitudes by a factor of 10–20. Furthermore, the
value of the coupling parameter is �=0.33 according to
HMmod. This suggests that the effective mass of the silicon

neighbors is only one-third of that of a free silicon atom,
which is unrealistically small, as will become clear below
when we compare this with the results of the ab initio cal-
culations in Sec. V. Clearly, a harmonic model is inadequate
to account for the data.

According to Eqs. �10�, �12�, �16�, and �20� the anhar-
monic model involves seven force constants together with
the coupling parameter �. However, the frequency � de-
pends uniquely on only five parameters: the harmonic force
constant f − f�; the anharmonic parameters A, B, and C; and
the coupling constant �. These parameters may be obtained
from a fit to the experimental frequencies. From a standard
least-squares fitting procedure, we obtain the results shown
in Table I �AMmod�. In this table we report �, �−�vol, and
�harm, which stand for the total frequency, the volume-
independent frequency, and the harmonic frequency contri-
bution, respectively �see Eq. �20��. We found that the contri-
bution to �anharm arising from the last term in Eq. �16� is
negligible for all realistic values of �, i.e., 1���2. There-
fore, this term was set equal to zero. Overall, the AMmod
reproduces the measured frequencies �exp of all isotope com-
binations within only 0.02 cm−1. This may be compared with
the �2 cm−1 discrepancy obtained with the harmonic ap-
proximation �HMmod�. Further, the AMmod accurately repro-
duces the magnitudes and signs of the Si isotope shifts ob-
served for HBC

+ and DBC
+ . One should note that the defect-

lattice coupling parameter ��1.7 is now considerably larger
than 1.

It is instructive to compare the force constant f − f�
=8.43 eV/Å2 for each Si-H bond in HBC

+ , with those ob-

TABLE I. The measured ��exp� and volume-corrected ��exp−�vol� frequencies for the asymmetric stretch
mode of HBC

+ and DBC
+ in 28Si, 29Si, and 30Si enriched crystals �experimental error of ±0.02 cm−1�. Under “Fit

to experiments” we give the total frequencies ���, the volume-independent frequencies ��−�vol�, and the
harmonic frequencies ��harm� resulting from the best fit of the anharmonic model AMmod �see Eq. �20�� to the
experimental frequencies �exp, together with the harmonic frequencies ��harm� that result from the adjustment
of the harmonic model HMmod �see Eq. �10�� to the experimental frequencies. Frequencies �−�vol and �harm

obtained from the best fit to the ab initio potential U�r1 ,r2� are also reported �see Sec. V D�. All frequencies
are given in cm−1. Respective potential parameters are given below each model.

Isotope
configuration

Experimental data

Fit to experiments Ab initio calculations

HMmod

�harm

AMmod AMcalc

�exp �exp−�vol � �−�vol �harm �−�vol �harm

28Si-H-28Si 1997.73 1997.73 1999.66 1997.72 1997.72 2144.24 2005.9 2125.1
29Si-H-29Si 1997.78 1997.54 1997.88 1997.80 1997.56 2143.86 2005.8 2124.7
30Si-H-30Si 1997.91 1997.43 1996.22 1997.90 1997.42 2143.50 2005.7 2124.2
28Si-D-28Si 1448.43 1448.43 1450.49 1448.43 1448.43 1524.60 1448.4 1512.9
29Si-D-29Si 1448.24 1448.07 1448.04 1448.24 1448.07 1524.06 1448.0 1512.2
30Si-D-30Si 1448.08 1447.74 1445.74 1448.08 1447.73 1523.56 1447.7 1511.6

f − f� �eV Å−2� 7.02753 8.43194 8.2611

A /10−15 �eV Å−2 s� −1.32709 −0.95616

B /10−15 �eV Å−2 s� −0.977912 −1.8320

C /10−15 �eV Å−2 s� 0.00000a 0.45395

� 0.331107 1.72326 1.3802

aParameter fixed at this value during the fitting procedure.
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tained for the H2
* complex in Si. The latter forms two in-

equivalent and weakly coupled Si-H oscillators, with force
constants 15.38 eV/Å2 and 12.60 eV/Å2.34 These are almost
twice as large as that found here for HBC

+ . We believe that this
difference is caused by the fact that whereas each hydrogen
atom in H2

* shares two electrons with their respective Si
neighbors, HBC

+ has weaker Si-H bonds as only one electron
is shared by each Si neighbor.

Figure 4 depicts in a cumulative way the contributions of
�harm, �anharm

A , and �anharm
B to the total frequency � for the

28Si case. The anharmonic terms �anharm
A and �anharm

B contrib-
ute by about 5–7% to the total frequency, where �anharm

A is
clearly dominant. Figure 5 shows the different anharmonic
contributions to the isotope shift ��= 30�-28� for the HBC

+

and DBC
+ frequencies, when the 28Si enriched crystal is re-

placed by 30Si material. As can be seen from the figure, the
harmonic and anharmonic shifts have opposite signs. How-
ever, the total anharmonic shift ���anharm

A +��anharm
B +��vol�

surpasses the magnitude of the harmonic shift for HBC
+ ,

which results in an overall positive isotope shift. It is inter-
esting to note that while �anharm

A dominates the anharmonic
corrections to the absolute frequencies �see Fig. 4�, it is
��anharm

B and ��vol that significantly contribute to the anhar-
monic frequency shift associated with a change of the silicon
isotope.

C. Comparison with interstitial oxygen

The interstitial oxygen defect has also been investigated
using the HMmod and AMmod. The trace of the piezospectro-
scopic tensor for this mode is only 2.31 cm−1/GPa,35 and the

volumetric correction �vol is now negligible ��0.02
��mSi cm−1�. Therefore, this effect will be neglected here.
The frequencies of the asymmetric stretch mode �exp were
taken from Ref. 6 and are reproduced in Table II.

The frequencies obtained with the HMmod agree well with
the Oi absorption frequencies �see Table II�. Discrepancies
are below 0.4 cm−1 only. The Si isotope shift for 16Oi is
calculated to be about −3.8��mSi cm−1, which is to be com-
pared to −3.7��mSi cm−1 obtained from the measurements.
The harmonic force constant f − f� of the strong Si-O bond is
about four times larger than that of the single-electron Si-H
bond in HBC

+ .
The AMmod slightly improves the agreement with the ex-

perimental frequencies �see Table II�. As in HBC
+ , the term

�anharm
C did not produce any significant effect on the overall

frequency and was set to zero. We found that for Oi the
anharmonic correction accounts for only 1.3% of the total
frequency �, with only a single dominant anharmonic term
�anharm

A . Accordingly, the model predicts a harmonic fre-
quency which lies about 15 cm−1 above the measured ab-
sorption frequency. One should note that Eq. �20� becomes
similar to Eq. �3� of the two-atom anharmonic model, with
F=2�f − f��, �=2�, and Amol=2A, if the mode-mixing anhar-
monic terms �anharm

B and �anharm
C and the volumetric correc-

tion term �vol are neglected. Hence, the modest importance
of anharmonicity in the asymmetric mode dynamics of Oi,
makes the diatomic-molecule model already suitable to treat
this defect. Finally, we note that the value of � is close to
1.2, suggesting a weaker defect-lattice coupling than for
HBC

+ . This observation will be discussed in more detail below
�see Sec. VI�.

FIG. 4. Contribution of �harm, �anharm
A , and �anharm

B �bars� to the
frequency of the asymmetric stretch mode of HBC

+ and DBC
+ defects

in a 28Si crystal obtained with the anharmonic model AMmod. The
results for HBC

+ and DBC
+ in 29Si and 30Si crystals are very similar.

Added contributions to HBC
+ and DBC

+ frequencies are shown as solid
�a� and dashed �b� lines, respectively.

FIG. 5. Contributions �bars� of ��harm, ��anharm
A , ��anharm

B , and
��vol, to the 30�-28� isotope shift of the asymmetric stretch mode
of HBC

+ and DBC
+ , found from the AMmod parameters in Table I.

Added contributions to the isotope shifts for HBC
+ and DBC

+ are
shown as �a� solid and �b� dashed lines, respectively.
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V. AB INITIO MODELING OF HBC
+ AND Oi DEFECTS

IN SILICON

A. Calculational details

Structural and vibrational properties of HBC
+ and Oi de-

fects in Si are calculated with a density functional code
�AIMPRO�,36 along with the Padé parameterization for the
local-density approximation37 and the dual-space separable
pseudopotentials by Hartwigsen, Goedecker, and Hutter.38

Defects were embedded in a 216-atom supercell and in a
bond-centered Si148H98 hydrogen-terminated cluster. Their
ground-state structures were obtained by allowing all atomic
positions to relax so to minimize the forces. In the cluster
method, Si-H surface units were not allowed to move. In the
supercell calculations, the Brillouin zone was sampled at the
MP-23 special k points,39 and plane waves with energies of
up to 150 Ry were used to evaluate the Hartree and potential
terms. Kohn-Sham states were expanded with help of a set of
spd-like Cartesian-Gaussian orbitals centered on each atom.
Accordingly �4, 4, 2�, �4, 4, 0�, and �6, 6, 3� local basis sets
were chosen for Si, H, and O atoms, respectively, where each
triplet �ns ,np ,nd� stands for the number of s-, p-, and d-like
functions.

The coupling constant �, introduced in Sec. IV A, may be
estimated from Eq. �10� if harmonic frequencies for several
isotope configurations of Si-H-Si �Si-O-Si� oscillators are
available. Such frequencies are obtained from the ab initio
method, with the dynamical matrix elements being evaluated
by displacing H and a selected number of Si neighbors along
all three Cartesian axes by ±0.1 atomic units.40 In order to
attain a converged value of �, it is important to determine

how many Si atoms should be included in the dynamical
matrix. This was investigated in two ways: �i� By an embed-
ded cluster method �ECM�, where H �or O� and a number N
of Si shells are embedded within a large H-terminated Si
cluster. Here, H �or O� and the inner Si shells are allowed to
vibrate and are coupled to the outer frozen atoms. The other
way is �ii� a free cluster method �FCM�, where the HBC �or
Oi� species, the N shells of Si neighbors, and the H-surface
atoms �Hsurf�, are all allowed to vibrate. In order to minimize
spurious effects from the Hsurf atoms, the latter were decou-
pled from the cluster by setting all Si-Hsurf and HBC-Hsurf
�Oi-Hsurf� force constants to zero. Values of f − f� and � were
then found from the calculated frequencies with help of Eq.
�10�. In these calculations we considered all combinations of
28Si, 29Si, 30Si, H, and D �or 16O and 18O� isotopes.

We now describe the calculational details of the effective
force constants for the harmonic model �HMcalc� and anhar-
monic model �AMcalc�. These results are obtained by using
216-atom supercells plus the interstitial hydrogen at the
bond-center site. The harmonic and anharmonic interatomic
potential terms �Eqs. �5� and �15��, were calculated by dis-
placing the H atom �or O atom�, and its two immediate Si1
and Si2 neighbors by �x0, �x1, and �x2 along the �111�
direction, respectively. The center of mass of the defect was
kept at the bond-center site, i.e., enforcing �x0m0+�x1m1
+�x2m2=0, where m0, m1, and m2 are the atomic masses of
H �or O�, Si1, and Si2 atoms. The ab initio interatomic po-
tential U�r1 ,r2� was evaluated on a grid of 40�40 points
with −0.5
r1 /Å
0.5 and −0.5
r2 /Å
0.5, where r1 and
r2 are the same bond-displacement coordinates used in Eqs.
�5� and �15�. Finally, we obtain all harmonic and anharmonic

TABLE II. Experimental frequencies ��exp� for the asymmetric stretch mode of Oi in 28Si, 29Si, and 30Si
enriched crystals �taken from Ref. 6�, along with the total frequency ��� and harmonic frequency �harm

resulting from the adjustment of the harmonic model �HMmod� and the anharmonic model AMmod to the
experimental frequencies. Analogous values obtained from the U�r1 ,r2� ab initio potential are also reported
�see Sec. V D�. All frequencies are given in cm−1. Respective potential parameters are given below each
model. NA stands for Not Available.

Isotope
configuration

Experimental data
�exp

Fit to experiments Ab initio calculations

HMmod

�harm

AMmod AMcalc

� �harm � �harm

28Si-16O-28Si 1136.5 1136.6 1136.3 1152.5 1138.6 1152.0
29Si-16O-29Si 1132.5 1132.7 1132.6 1148.7 1134.8 1148.1
30Si-16O-30Si 1129.1 1129.0 1129.2 1145.1 1131.3 1144.6
28Si-18O-28Si 1084.4 1084.7 1084.6 1099.4 1086.8 1098.9
29Si-18O-29Si 1081.0 1080.6 1080.8 1095.4 1082.8 1094.9
30Si-18O-30Si NA 1076.8 1077.1 1091.6 1079.2 1091.2

f − f� �eV Å−2� 30.437 31.602 31.520

A /10−15 �eV Å−2 s� −2.0445 −1.6482

B /10−15 �eV Å−2 s� 0.0000 −0.25157

C /10−15 �eV Å−2 s� 0.0000a 0.37009

� 1.1518 1.2106 1.2002

aParameter fixed at this value during the fitting procedure.
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force constants by fitting Eqs. �5� and �15� to U�r1 ,r2�.
The fully relaxed ground-state structure of HBC

+ in Si is in
line with previous reports.18,41,42 Our supercell �cluster� re-
sults indicate that the defect has two equivalent 1.5893 Å
�1.5872 Å� long Si-H bonds, increasing the separation be-
tween Si1, and Si2 atoms in Fig. 3 by about 36% with respect
to the bulk Si-Si bond distance of 2.3344 Å �2.3287 Å�. Ac-
cording to the supercell calculations, the interstitial oxygen
defect occupies a slightly off-centered location, resulting in a
Si-O-Si bent structure making an angle of �155°. This struc-
ture is however only �10 meV more stable than the perfect
bond-centered form, also corroborating similar calculations
reported earlier.28 This energy difference is even smaller us-
ing the cluster method. Here we found degenerate off-
centered and bond-centered forms, and unless otherwise
stated, the latter will be assumed for the study of the vibra-
tional properties of Oi. Here the supercell �cluster� calcula-
tions give Si-O bond lengths of 1.6139 Å �1.6099 Å�, pro-
ducing a larger 38% distortion on the perfect Si-Si nearest-
neighbor distance.

B. Coupling constant �

The calculated values of the harmonic asymmetric �A2u�
stretch frequencies of HBC

+ and Oi defects in Si are close to
those from other reports �see Refs. 28 and 43 and references
therein�. By considering six shells of Si atoms �or more� in
the dynamical calculations, ECM gives A2u mode frequen-
cies at 2113 and 1156 cm−1 for 28Si-HBC

+ -28Si and 28Si-16Oi
-28Si complexes, respectively. These overestimate the low-
temperature absorption data by about 115 and 20 cm−1, but
as expected, fall very close to the harmonic frequencies �harm
at 2144 cm−1 and 1153 cm−1 estimated from the analysis of
the absorption data within the anharmonic model AMmod �see
Tables I and II�.

The calculated values of � for HBC
+ , and its dependence on

the number of Si shells allowed to vibrate, are plotted in Fig.
6. Let us first look at the results from the FCM. When N

=1, i.e., for a free triatomic Si-H-Si structure, � is expect-
edly 1.0. However, when the number of shells is increased,
the value of � rises considerably and seems to converge to
�1.38. On the other hand, according to the ECM calculation
we see that � is already about 1.4 for N=1. The difference
from the FCM calculations is basically that now the Si-H
-Si unit is coupled to a frozen host. The fact that � is much
closer to its asymptotic value indicates that � is critically
dependent on the coupling between H and second �and pos-
sibly further�–neighboring Si atoms. In both methods f − f�
and � converge to about 8.12 eV/Å2 and 1.38, respectively,
at N=6. Our best estimate of � is 1.3802, which corresponds
to ECM at N=6, and will be used in the next subsections.
Similar calculations were performed for Oi in Si, where we
obtain asymptotic values f − f�=31.74 eV/Å and �=1.20.
The value of �=1.2002 from the ECM calculation at N=6
will be used in the next subsections. The calculated values of
� are in fair agreement with the AMmod values shown in
Tables I and II.

C. Independent-mode potential models

Now we report the harmonic and anharmonic properties
of the Si-H-Si and Si-O-Si vibrating units. For the moment,
no mode-mixing effects will be considered, with the A2u and
A1g modes assumed as being independent. Accordingly, we
displaced H �or O� and its two Si neighbors in accordance
with their normal mode coordinates, i.e., with r=r1=−r2 for
the A2u mode and r=r1=r2 for the A1g mode. Interatomic

FIG. 6. Values of � determined from the harmonic ab initio
frequencies, calculated according to the embedded cluster method
ECM �closed circles� and the free cluster method FCM �open
circles�.

FIG. 7. Nonmixing anharmonic potentials �see Sec. V C� for
HBC

+ in Si �solid lines�, fitted to the ab initio total energy calcula-
tions of UA2u

�r� and UA1g
�r� �dots�. Dashed curves result from a fit

of the harmonic potential in Eq. �5� to the ab initio results within
the harmonic region �r��0.05 Å. Parameters from the anharmonic
and harmonic fits are shown in solid and dashed boxes, respectively.
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potentials �UA2u
�r� and UA1g

�r�� were evaluated, with r cho-
sen to lie within �r��0.3 Å, and the results are shown in
Fig. 7.

1. Harmonic model

Dashed lines in Fig. 7 represent the HMcalc interatomic
potentials, and result from a fit of Eq. �5� to the UA2u

and
UA1g

potentials within the harmonic region �r��0.05 Å.
From this we obtain the harmonic force constants f − f�
=8.2582 eV/Å2 and f + f�=14.534 eV/Å2. With this value
of f − f� and the value �=1.3802 estimated above, the mode
frequency for the HMcalc may be calculated using Eq. �10�.
Such calculation yields a frequency �harm=2124.8 cm−1 for
28Si-HBC

+ -28Si, which is very close to the ECM calculation
described above �2113 cm−1�.

Analogous calculations were performed for Oi. Here the
force constants are f − f�=31.342 and f + f�=37.870, about
3–4 times larger than those of HBC

+ . Using the value �
=1.2002 estimated above the HMcalc predicts �harm
=1148.7 cm−1 for 28Si-16Oi-

28Si, which again reproduces
well the ECM calculation �1156 cm−1�.

2. Anharmonic model

Now we turn to anharmonic effects, but still ignoring
terms in the potential energy that mix the A2u and A1g modes.
Unlike for the A1g mode, inversion symmetry implies that
any cubic term vanishes in the A2u mode. From Eq. �18�,
only the quartic term proportional to 2f4−2f4�+ f4� affects the
asymmetric frequency, since we neglect mixing terms, and
accordingly,

� =� f − f�

meff
+

3�

2meff
�2f4 − 2f4� + f4�

2�f − f��
� . �21�

This indicates that the quartic term 2f4−2f4�+ f4� would have
to be negative in order to account for the harmonic frequency

lying above the experimental line frequency. Solid lines in
Fig. 7 represent the fits of the anharmonic potential in Eqs.
�5� and �15� to the total energy results UA2u

�r� and UA1g
�r�

with r=r1=−r2 and r=r1=r2, respectively. The resulting har-
monic and anharmonic parameters are reported in the upper
half of Table III. The quartic term 2f4−2f4�+ f4� is positive for
both HBC

+ and Oi, and we conclude that this correction alone
cannot account for the measured mode frequency lying be-
low the harmonic estimate. In fact, using Eq. �21� and the
force constants for the UA2u

potential in Table III, we obtain
frequencies � for HBC

+ and Oi defects that overestimate the
measurements by 230 cm−1 and 22 cm−1, respectively.

As depicted in Fig. 4, the dominant anharmonic contribu-
tion to the absolute frequency is �harm

A . Its negative value is
in apparent contradiction with the calculations described
above. However, from Eqs. �17a� and �18�, we conclude that
the key correction must arise from the A2u+A1g mixing term
3f3− f3�, which up to this point has remained unexplored.

D. Mode-mixing effects

Parameters A, B, and C in Eq. �17� account for the mixing
between A2u and A1g modes by means of cubic �3f3− f3�� and
quartic �6f4− f4�� force constants �see Eq. �18��. As described
at the beginning of Sec. V, these anharmonic force constants
were calculated from the ab initio potential U�r1 ,r2� on a
40�40 two-dimensional grid �r1 ,r2�, with r1 and r2 repre-
senting the bond-displacement coordinates shown in Fig. 3.
Results from these calculations are summarized at the bot-
tom of Table III. Here we note that the harmonic �f − f� and
f + f�� and nonmixing anharmonic �f3+ f3�, 2f4−2f4�+ f4�, and
2f4+2f4�+ f4�� force constants are close to those obtained from
the UA2u

and UA1g
nonmixing potentials. However, for both

HBC
+ and Oi defects the force constants of the mixing terms

3f3− f3� and 6f4− f4� are not negligible.
The parameters A, B, and C obtained with Eq. �17� from

the U�r1 ,r2� potential parameters, given in Table III, are
shown at the bottom of Table I under AMcalc. Noting that the
relative error on the individual force constants is up to 5%,
the agreement of the calculated parameters with the values
obtained from AMmod is satisfactory �see Table I�. Using
Eqs. �10� and �17�, we can calculate the volume-independent
ab initio frequencies �−�vol within the anharmonic model
for the isotope combinations of interest. These are reported
in Table I under AMcalc. As expected, the harmonic frequen-
cies �harm from the AMcalc calculations are higher than the
volume-corrected frequencies �exp−�vol for Si-H-Si and Si
-D-Si by about 115 and 55 cm−1, respectively. However, af-
ter adding the anharmonic contributions, the calculated fre-
quencies �−�vol reproduce the �exp−�vol data to within less
than �8 cm−1. The isotope shift 30�− 28� of about
−0.2 cm−1 for HBC

+ , which is calculated with the frequencies
�−�vol of the AMcalc, is in excellent agreement with that
observed for the �exp−�vol data �−0.3 cm−1�. In addition, the
small upward Si isotope shift observed for HBC

+ is readily
accounted for by the theoretical calculations, if we include
the 28Si to 30Si volume correction ��vol�0.5 cm−1.

Good agreement is also obtained for Oi. For example, the
AMcalc anharmonic frequencies � shown in Table II repro-

TABLE III. Calculated force constants for HBC
+ and Oi, obtained

from the ab initio nonmixing UA2u
�r� and UA1g

�r� potentials and
mixing-mode U�r1 ,r2� potential model. Harmonic, cubic, and quar-
tic force constants are given in eV/Å2, eV/Å3, and eV/Å4. Their
relative uncertainties are about 0.2%, 1%, and 5%, respectively.

Potential Force constant HBC
+ Oi

UA2u
�r=r1=−r2� f − f� 8.1871 31.501

2f4−2f4�+ f4� 18.223 52.011

UA1g
�r=r1=r2� f + f� 14.458 37.634

f3+ f3� −22.522 −36.273

2f4+2f4�+ f4� 13.019 56.980

U�r1 ,r2� f − f� 8.2611 31.520

2f4−2f4�+ f4� 18.594 51.583

f + f� 14.512 37.997

f3+ f3� −22.803 −36.328

2f4+2f4�+ f4� 12.769 57.074

3f3− f3� −27.442 −94.542

6f4− f4� 50.043 360.04
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duce the experimental frequencies within �2 cm−1. Also in
Oi, the harmonic frequencies for Si-16O-Si and Si-18O-Si lie
above the anharmonic-corrected values by �20 cm−1 and
�15 cm−1, respectively. Moreover, unlike in the HBC

+ case,
both harmonic ��harm� and fundamental transition ��� fre-
quencies account well �within less than 0.1 cm−1� for the
measured −7.4 cm−1 isotope shift in the 16Oi mode frequency
when 28Si is replaced by 30Si. This indicates that in compari-
son to HBC

+ , A2u+A1g mode-mixing and volumetric effects
are less important in Oi.

VI. DISCUSSION AND CONCLUSIONS

The vibrational properties of bond-centered hydrogen and
deuterium defects in isotope enriched 28Si, 29Si, and 30Si
crystals have been studied experimentally and by ab initio
theory. Mode frequencies were recorded for all isotope com-
binations and we found that the mode frequency for HBC

+

shows an unusual increase when the mass of the host isotope
is increased. The DBC

+ mode, however, displays a normal iso-
tope shift. Several models were tested, and it is shown that
this effect can only be accounted for by anharmonic effects
on a model based on the triatomic structure Si-H-Si. The
relatively simple model reproduces the measured mode fre-
quencies to within 0.03 cm−1. We find that the anomalous
�positive� isotope shift of the HBC

+ mode frequencies result
from mixing via anharmonicity of the A2u and A1g modes of
the Si-H-Si structure. The HBC

+ mode frequencies cannot be
well reproduced within the diatomic molecule model and the
two-bond local structure of the defect has to be taken into
account. The investigations are extended to include the inter-
stitial oxygen center in silicon, which has a very similar
structure to HBC

+ . In the case of Oi the harmonic model gives
already a good description of the experimental mode fre-
quencies, and the inclusion of anharmonic effects in the
model yields only a small improvement of the agrement of
the calculated frequencies to the experimental data. The rela-
tively modest importance of the anharmonicity in the vibra-
tional dynamics of Oi yields a normal �negative� isotope shift
for the Oi mode frequency when the host silicon isotope
mass is increased.

Density functional calculations on HBC and Oi defects are
presented as well. Their vibrational properties were obtained
according to three different methods. In the first method we
use the harmonic approximation, and consider in the dynami-
cal equations up to six shells of Si atoms neighboring the
bond-centered hydrogen atom. In the second method we
studied the anharmonic interatomic potential for the Si-H
-Si �Si-O-Si� units. This was accomplished by varying the
Si1-H and Si2-H �Si1-O and Si2-O� bond lengths along the
symmetric A1g and asymmetric A2u normal modes. Finally, in
the third method the bond lengths Si1-H and Si2-H �Si1-O
and Si2-O� were varied independently in order to map the
two-dimensional energy surface U�r1 ,r2�, where r1 and r2

are the stretch coordinates of the two Si-H �Si-O� bonds. All
three methods predict similar harmonic frequencies �harm of
�2115 cm−1 for HBC

+ and �1150 cm−1 for Oi, exceeding the
measured frequencies by about 115 cm−1 and 15 cm−1, re-
spectively. However, in line with the model analysis of the

experimental data, the calculations show that those differ-
ences are reduced down to 2–8 cm−1 if we include anhar-
monic effects �see Tables I and II�. We show that the experi-
mental Si isotope shifts of both HBC

+ and Oi defects can be
very well predicted with our AMcalc ab initio investigations.

The results presented in the previous sections raise several
issues. For example, both our model analysis of the experi-
mental data and ab initio theory indicate that the Si-O-Si
oscillator is less coupled to the host crystal than the Si-H
-Si defect, since the value of � determined for HBC

+ is higher
than that for Oi. Such a result seems contradictory with HBC

+

having a smaller Si-isotope frequency shift than Oi, because
this indicates a higher degree of localization for the HBC

+

mode than for the Oi-related mode. Figure 6 clearly shows
that a good estimate of � is already obtained if the interac-
tion between the Si1-H-Si2 unit and the remaining �frozen�
host atoms is included. Such an effect arises from two main
contributions: �i� the lattice coupling with Si1 and Si2, and
�ii� the H-lattice coupling. These couplings may be approxi-
mated with help from the model sketched in Fig. 8. Here, the
effect of � on the mass of Si1 and Si2 atoms �see Fig. 3� is
replaced by Si-lattice and H-lattice central potentials, repre-
sented by fSi and f� force constants, respectively. These rep-
resent springs fastened to fixed points �frozen lattice�. The
relation �harm

A2u �f , f� , f� , fSi� for the model shown in Fig. 8
was calculated, where the force constants f and f� are taken
from the potential U�r1 ,r2� �Table III�. A fair estimate of the
force constant fSi is obtained from the Raman frequency in
Si ��R=524.6 cm−1�, by fSi=mSi�R

2 /4=7.0716 eV/Å2. For
every f�, we found the corresponding value of � by setting
�harm

A2u �f , f� , f� , fSi� equal to �harm
A2u in Eq. �10�.

Figure 8 shows the resulting values of � as a function of
the ratio between the H-lattice �O-lattice� force constant f�

FIG. 8. Calculated dependence of the coupling constant �, in-
troduced in the model of Fig. 3, on the interaction ratio f� / �f − f��
for HBC

+ �solid line� and Oi �dashed line�. Values of � were deter-
mined by setting the asymmetric stretch frequencies from the model
depicted in the inset to those from Eq. �10�. Upward arrows point to
f� / �f − f��=0.21 and 0.13 obtained from the ab initio calculations
for HBC

+ and Oi, respectively.
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and the Si-H �Si-O� force constant f − f�. The figure shows
that independently of the defect, � is largely determined by
the interaction ratio f� / �f − f��. We also found that the effect
of fSi on � is negligible. A 10% increase on fSi results only in
a 0.5% decrease of �. The magnitude of central force con-
stant f� may be estimated for each defect from the dynamical
matrix of the ECM ab initio calculations. These are about
1.98 eV/Å2 and 4.20 eV/Å2 for HBC

+ and Oi, respectively,
resulting in f� / �f − f�� values indicated by the arrows in Fig.
8. These correspond to the calculated values of ��1.4 for
HBC

+ and �=1.2 for Oi. In spite of the minute Si-isotope
shifts on the 1998-cm−1 band �HBC

+ � when compared to those
on the 1136-cm−1 band �Oi�, it may be concluded that the
larger defect-lattice coupling in HBC

+ results from a larger
interaction ratio f� / �f − f��.

Another issue is the role of the anharmonic terms that mix
the A2u and A1g modes. Both the analysis of the experimental
frequencies and ab initio theory indicate that the A2u
harmonic frequency of HBC

+ lies well above the measured
1998-cm−1 mode frequency by 120–150 cm−1. This is only
possible if the 3f3− f3� mode-mixing force constant is consid-
ered in the dominant anharmonic correction �anharm

A �see Fig.
4�, as can be seen from Eq. �17a�. Additionally, the volumet-
ric frequency correction �vol associated with the crystal iso-
tope, cannot alone account for the positive Si-isotope shift of
the 1998-cm−1 band. Figure 5 clearly shows that the mode-
mixing correction ��anharm

B is crucial to explain the overall
shift. A similar negative contribution of the anharmonicity to
the total frequency, although smaller in magnitude, is ob-
tained from the model analysis of the experimental frequen-
cies and predicted from ab initio calculations for Oi. How-
ever, as a result of the larger effective mass of the oscillator,
mode-mixing effects are less important and the harmonic fre-
quency lies only �15 cm−1 above the measured frequency.
This, together with the negligible volumetric shift, results in
a nearly harmonic Si-isotope shift of −3.8��mSi cm−1 for
Oi.
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APPENDIX

The exact expressions for the parameters B and C which
are calculated by treating the anharmonic terms of the poten-
tial U3 and U4 as perturbations to the Hamiltonian �5� are

B = −
3�

4 � �f3 + f3���3f3 − f3��

�f + f���f2 − f�2
+

2

3
� f − f�

f + f�

�3f3 − f3��
2

�

−
6f4 − f4�

3�f2 − f�2� , �A1a�

C =
�

4
� �3f3 − f3��

2

�
� , �A1b�

with

� = 4�f − f��2 −
meff

�mSi
�f2 − f�2� . �A2�

By substitution of Eqs. �11� and �10�, the ratio between the
two terms of the right-hand side of Eq. �A2� may be written

meff�f + f��
4�mSi�f − f��

= � �harm
A1g

2�harm
A2u

2

. �A3�

The frequency of the A1g has not been detected, but the es-
timation from the ab initio calculations places this mode at
401 cm−1, well below the Raman frequency in silicon
�523 cm−1�. Taking the harmonic frequency of the A2u mode
�harm

A2u =2144 cm−1 �see Table I�, we find that

� �harm
A1g

2�harm
A2u

2


 0.01. �A4�

Hence the second term in Eq. �A2� is at maximum 1% of the
first term. It may safely be neglected, leading to the results
given in Eqs. �17b� and �17c�.
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