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Classical particle to a field

Classical particle
p = mv

Hamiltonian

�




�

	
H =

p2

2m
+ V (r)

Quantum particle : Only one particle
p → ~∇ Uncertainty principle
px − xp = [p, x] = −i~
~ = 1.1 × 10−34Js�




�

	
H = −

~2∇2

2m
+ V (r)

Quantum Field : Many particles
Annihilation and creation operators

a(r, t) and a†(r, t)
Particle number n = a†a [n, a†] = 1
p → a†(−i~∇)a
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H =

∫
d3ra†(r, t)

(
−

~2∇2

2m
+ V (r)

)
a(r, t)
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Field description

Bose field

Commutation relation
[a, a†] = aa† − a†a = 1

n-particle state : |n⟩ =
(a†)n
√
n!

|0⟩ n = 0, 1, 2, · · ·

Photon, phonon, Spin wave,· · ·

Fermi field

Anticommutation relation
{c, c†} = cc† + c†c = 1, a2 = (a†)2 = 0
states : |0⟩, |1⟩ = c†|0⟩ n = 0, 1
Electron



Field description

Interaction
Photon emission in solid

Electron state changes excited→ ground state

Interaction Hamiltonian g: coupling constant

Ĥe−p =

∫
d3r g

(
c†gcea

† + c†ecga
)

Time evolution of state |Ψ⟩
"Schrödinger's equation"

i~
∂

∂t
|Ψ⟩ = Ĥ|Ψ⟩

Solution
|Ψ(t)⟩ = Te−

i
~
∫ t
0
dt′Ĥ(t′)|Ψ(0)⟩

|Ψ(t)⟩ = e−
i
~ Ĥt|Ψ(0)⟩

(Time-independentH)
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~ Ĥt|Ψ(0)⟩

(Time-independentH)



Field description

Interaction
Photon emission in solid
Electron state changes excited→ ground state

Interaction Hamiltonian g: coupling constant
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dt′Ĥ(t′)|Ψ(0)⟩

|Ψ(t)⟩ = e−
i
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Physical observable

Observable Quantum and thermal average

O(t) =
1

Z

∑
α

e−βEα⟨α(t)|Ô|α(t)⟩

=
1

Z

∑
α

⟨α|e−βĤe
i
~ĤtÔe−

i
~Ĥt|α⟩ =

1

Z

∑
α

⟨α|e−βĤÔH(t)|α⟩

Ô: Operator Electron density c†c, spin density c†σc...

ÔH(t) = eiĤtOe−iĤt : Heisenberg representation
e−βĤ : Boltzmann weight β = 1

kBT

α: label of energy eigenstate
Path ordering

O(t) =
1

Z

∑
α

⟨α|TCe−
i
~
∫
C dt′ĤÔ(t)|α⟩

TC: Path ordering along time contourC
Systematic equation (Dyson's equation)



Physical observable

Electron charge ρ =
⟨
c†c

⟩
ρ(t) = 1

Z

∑
α⟨α|TCe−

i
~
∫
C dt′Ĥc†(t)c(t)|α⟩

Extension to different time Path-ordered Green's function

G(τ, τ ′) ≡ −i
1

Z

∑
α

⟨α|TCe−
i
~
∫
C dτ1Ĥc(τ )c†(τ ′)|α⟩

≡ −i⟨⟨TCe−
i
~
∫
C dτ1Ĥc(τ )c†(τ ′)⟩⟩ = −i⟨⟨TCcH(τ )c

†
H(τ
′)⟩⟩

τ, τ ′ ∈ C

cH(τ ) = eiĤtce−iĤt : Heisenberg
operator



Keldysh (non-equilibrium) Green's function

Ordering of the operators on C

G(τ, τ ′) = −i⟨⟨TCcH(τ )c
†
H(τ
′)⟩⟩

⇒



−i⟨⟨TcH(t)c†H(t
′)⟩⟩ = Gt(t, t′) (τ, τ ′ ∈ C→)

Time-ordered
−i⟨⟨TcH(t)c†H(t

′)⟩⟩ = Gt(t, t′) (τ, τ ′ ∈ C←)
Anti time-ordered

−i⟨⟨c†H(t
′)cH(t)⟩⟩ = G<(t, t′) (τ ∈ C→, τ ′ ∈ C←)

Lesser (particle density)
−i⟨⟨cH(t)c†H(t

′)⟩⟩ = G>(t, t′) (τ ∈ C←, τ ′ ∈ C→)
Greater (hole)

G<(t, t): One-particle observable (Electron density) Useful!
Retarded and advanced Green's functions

Gr
k(t, t

′) = −iθ(t − t′)⟨⟨{c†k′,H(t
′), ck,H(t)}⟩⟩

Ga
k(t, t

′) = iθ(t′ − t)⟨⟨{c†k′,H(t
′), ck,H(t)}⟩⟩
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Free electron Green's function

Hamiltonian: H0 = −
~2∇2

2m
− ϵF

Heisenberg equation:
∂

∂t
cH(k, t) = −

i

~
[H0, cH]

Solution: cH(k, t) = e−
i
~ ϵktc(k, 0) ϵk = ~2k2

2m
− ϵF

We can calculate anything!

Free Green's functions

g<
k,k′(t, t

′) = i⟨⟨c†k′,H(t
′)ck,H(t)⟩⟩

= ie−
i
~ϵk(t−t′)fkδk,k′ fk =

1

eβϵk + 1
Fermi distribution

g<
k (ω) = fk(g

a
k(ω) − grk(ω)) = 2πifkδ(~ω − ϵk) Equilibrium

grk(ω) =
1

~ω − ϵk + i0
= [gak(ω)]∗
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Perturbation expansion : Attack difficult problem!

Hamiltonian : H = H0 + V V : interaction Unsolvable

Interaction representation Remove solvable part (H0)

OH(t) = [Te
i
~
∫ t dt1VH0

(t1)] OH0(t) [Te−
i
~
∫ t dt1VH0

(t1)]

OH0(t) = e
i
~H0tOH0(t)e

− i
~H0t solved

VH0(t) = e
i
~H0tVH0(t)e

− i
~H0t unsolved

Path ordered representation

G(τ, τ ′) = −i⟨⟨TCe−
i
~
∫
C dτ1VH0cH0(τ )c

†
H0

(τ ′)⟩⟩

Expansion w.r.t VH0 Perturbation expansion

G(τ, τ ′) = −i⟨⟨TCcH0(τ )c
†
H0

(τ ′)⟩⟩

+
(−i)2

~
⟨⟨TC

∫
C
dτ1VH0(τ1)cH0(τ )c

†
H0

(τ ′)⟩⟩ + · · ·

Dyson's equation
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Perturbation expansion
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Expansion w.r.t VH0 Perturbation expansion

G(τ, τ ′) = g(τ, τ ′) free Green's function

+
(−i)2

~
⟨⟨TC

∫
C
dτ1VH0(τ1)cH0(τ )c

†
H0
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Perturbation expansion

Example : Potential scattering : V =
∫
d3r v(r)c†c

G(τ, τ ′) = g(τ, τ ′) +

∫
C

dτ1 g(τ, τ1)v(τ1)g(τ1, τ
′)

+

∫
dτ2

∫
C

dτ1 g(τ, τ1)v(τ1)g(τ1, τ2)v(τ2)g(τ2, τ
′) + · · ·

Physical quantity (lesser component) C = C→ + C←

G<(t, t′) = G(τ ∈ C→, τ ′ ∈ C←)

= g<(t, t′)

+

∫
C

dτ1 g(τ∈C→, τ1)v(τ1)g(τ1, τ
′∈C←)

+ · · ·

.

.

. ..

.

.

= g<(t, t′)+

∫ ∞
−∞
dt1v(t1)[g

r(t, t1)g
<(t1, t

′) + g<(t, t1)g
a(t1, t

′)] +· · ·

Expressed by free Green's functions Calculable�
�

�
�Fully quantum equation ⇔ Boltzmann equation
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Green's function and observable

Green's function

G(r, t, r′, t′) = −i⟨⟨TCcH(τ )c
†
H(τ
′)⟩⟩

�
�

�
�Space time propagation amplitude

(r′, t′) ⇒ (r, t)
including any interaction

Physical Observable
∝

⟨
c†(r, t)c(r, t)

⟩
Particule number

= Lesser component
�
�

�
�G<(r, t, r, t)

at equal time and position
(r′, t′) = (r, t)

�
�

�
�Observable is calculated by estimating electron loop
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Spin current : simpleset case

Definition Without spin-orbit
.

.

. ..

.

.

jαsµ = −i e~
2m

⟨
c†σα

↔
∇µ c

⟩
=

= − e~
2m

(∇r − ∇r′)µG
<(r, t, r′, t)|r′=r

Driving field Electric field E = −Ȧ A: Vector potential

HE =
∫
d3rA · j = e~

2m

∫
d3rA · (c†

↔
∇ c)

A

Scattering by impurities Point-like

Elastic lifetime τ

Electron diffusion Multiple scattering



Application to Spin current : simpleset case

Solution of Dyson's equation

jαsµ =

=
Agr

ga + +k � q2k + q2 
ki kj gr
ga�g

r
ga

Vertex correction

jzs,i = −i
e2

2πm2

∫
dΩ

2π

∑
kq

e−i(q·x−Ωt)
∑
j

ΩAj(q,Ω)

∑
σ=±

σ
[
kikjg

r
k− q

2 ,σg
a
k+ q

2 ,σ

+
∑
k′σ′

kik
′
jg

r
k− q

2 ,σg
a
k+ q

2 ,σg
r
k′− q

2 ,σ
′g

a
k′+ q

2 ,σ′niv
2
i Γσσ′(q,Ω)

]

= σ0
sEi + ∇iµ

0
s

σ0
s = e(D+ν+ − D−ν−) = σ+ − σ−: Spin conductivity

µ0
s (r) =

∫
d3rχ0(r − r′)(∇ · E)(r′) : Spin chemical potential

≈ spin density χ0(r) = σs
4πr

: Diffusion
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Spin current : simpleset case
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Spin current : with spin relaxation

Spin-orbit interaction
Quantum relativistic coupling spin and orbital motion
Spin relaxation

Hso = − i
2

∫
d3r(∇vso) · [c†(

↔
∇ −2iA) × σc]

Include more diagrams

jzsi =
Agr

ga + +k � q2k + q2 
ki kj gr
ga�g

r
ga

+ vso + +
= σsEi + ∇iµs

µs(r) =

∫
d3r χ(r − r′)(∇ · E)(r′) Spin chemical potential

χ(r) =
1

4πr

(
σ+e

− r
ℓ+ − σ−e

− r
ℓ−

)
Spin diffusion with decay

Spin relaxation due to spin-orbit
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Spin 'conservation' law

Continuity equation of spin field operators

˙̂s
α
= i

⟨
[Ĥ, c†]σαc − c.c.

⟩

⇒ ṡα + ∇ · jαs = T α

T = i
⟨
c†[σ × (∇vso×

↔
∇)]c

⟩
Spin current is not conserved

⇔ ρ̇ + ∇ · j = 0 for charge

Spin relaxation torque T
Arises from spin-orbit (spin flips scattering)
Spin source and sink

Generation and absorption of spin current
Essential for spintronics
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Spin relaxation

Spin relaxation torque T

arises from inhomogenuity

ṡα + ∇ · jαs = T α

What is T ?

Inhomeneous spin ∇S

T =
A +�� kivso rSkj���

= β[S × (j · ∇)S] β torque
φ
.

Current-driven domain wall motion GT,Phys.Rep.(2008)
Inhomogeneous external field Nakabayashi,PRB(2010)

T = vso + +A
= γ(∇ · E) γ = (D+τs+ −D−τs−) ≈

(
1

ℓ2s+
−

1

ℓ2s−

)

Spin injection
V

F

N

VFNd

js
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ṡα + ∇ · jαs = T α

What is T ?
Inhomeneous spin ∇S

T =
A +�� kivso rSkj���

= β[S × (j · ∇)S] β torque
φ
.

Current-driven domain wall motion GT,Phys.Rep.(2008)
Inhomogeneous external field Nakabayashi,PRB(2010)

T = vso + +A
= γ(∇ · E) γ = (D+τs+ −D−τs−) ≈

(
1

ℓ2s+
−

1

ℓ2s−

)

Spin injection
V

F

N

VFNd

js



Spin 'conservation' law

ṡ + ∇ · js = T

Microscopic approach

Each term is defined and calculable fully quantum
No phenomenological parameter

Continuity equation is automatically satisfied

if calculation is correct Consistency check
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Spin transport equation (semiclassical)

Valet-Fert approach Valet&Fert'93

Spin dependent distribution function f±(r, p) σ = ±: spin
Transport equation Boltzmann equation

(v · ∇)fσ − (v · E)
dfσ

dϵ
=

∑
v′σ′

Pσ′σ(fσ′(v′) − fσ(v))

Pσ′σ : Scattering probability with & without spin flip

Driven part f± = f0 +
df0

σ

dϵ
(µ0 − µσ + gσ)

µσ : Spin-dependent chemical potential Spin accumulation

gσ : Spin current contribution
Approximation of scattering term

P−σ,σ(f−σ(v
′) − fσ(v)) ⇒

µσ − µ−σ

τsf
τsf : Spin flip time
Spin current (due to spin accumulation) Diffusive

∇ · js =
µσ − µ−σ

ℓ2s
js = ∇µs

�
�

�
�Phenomenological parameters : µσ, gσ, τsf, µs,...
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Spin transport equation (Semiclassical vs. quantum)

Valet-Fert equation Valet&Fert'93

Diffusion equation for µs

�

�

�


∇2µs =

µs

ℓ2s
js = ∇µs

Semiclassical transport equation is needed to solve for unknown µs

Field theory
�
�

�
�ṡ + ∇ · js = T

Each term is directly calculable No phenomenological anzatz

js = σsE∇µs T = γ(∇ · E)

µs(r) =
∫
d3r χ(r − r′)(∇ · E)(r′)

χ(r) = 1
4πr

(
σ+e

− r
ℓ+ − σ−e

− r
ℓ−

)
γ = (D+τs+ −D−τs−) ≈

(
1

ℓ2s+
− 1

ℓ2s−

)

⇒
(
∇2 −

1

ℓ2s

)
µs = −σs(∇ · E)
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Side jump and skew scattering

�
�

�
�Skew scattering

Scattering term Fsc

vso

�
�

�
�Sidejump

Energy shift δϵ

vso
Different meaing in Boltzmann equation

ḟ + (v · ∇)f = Fsc

Quantum : both need to be equally treated

Gauge invariance (Charge conservation) ≈ Cancellation among diagrams

Wrong calculation⇒ Decay of charge !
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Application to recent spintronics topics

Spin pumping

Inverse spin Hall effect



Spin pumping

Spin current generation from spin dynamics

Machanism
Spin continuity equation

Ṡ + ∇ · js = T
T = α(S × Ṡ)
Spin damping

⇒ ∇ · js = −Ṡ + α(S × Ṡ)

⇒
�

�

�

�
jαs,i = aiṠ

α + bi(S × Ṡ)α Silsbee '79, Tserkovnyak '02

�
�

�
�Spin dymanics emits spin current
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Inverse spin Hall effect

Spin Hall effect

Coupling between spin and orbital motion by spin-orbit interaction

Converts electric current into spin current

Inverse spin Hall effect

Converts spin current into electric current

⇒
�
�

�
�Electric detection of spin current



Spin pumping + Inverse spin Hall effect

�
�
�
�Ṡ ⇒

�
�
�
�js ⇒

�
�
�
�j

NiFe Pt

Spin pumping Inverse spin Hall

NiFe + Pt Saitoh '06

�
�

�
�Voltage signal from magnetization precession



Spin pumping + inverse spin Hall effect

Model
Slowly varying magnetization S
Weak exchange coupling
S and conduction electron Perturbation theory

Hsd = Jsd

∫
d3rS(r) · (c†σc)

Disordered metal Vertex correction

Questions

Does js and j generated from magnetization dynamics?
Is j proportional to js ? Inverse spin Hall effect?

Calculation

js = j =
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Spin pumping + inverse spin Hall effect

Spin current (spin pumping)

js(r) = ∇
∫

d3x′χ(r − r′)
(
Ṡ − γ(S × Ṡ)

)
r′

χ(r − r′) = −Jsdν
∑
q

e−iq·(r−r′)

q2
Diffusion

Electric current (inverse spin Hall)

j = −16eνλJ2εFτ
2

3~2V
∇ × (S × Ṡ) − 4eνλJ2τ2

~2V
ER × (S × Ṡ) − D∇ρ

ER: Rashba spin-orbit interaction interface

Spin-charge conversion ?

ji ̸=λsoϵijkj
k
s,j No

�
�

�
�Spin current picture is not good

may be o.k. at very short distance
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Effective electric and magnetic fields

Spin pumping + inverse spin Hall
Electric current generated

j = −16eνλJ2εFτ
2

3~2V
∇ × (S × Ṡ) − 4eνλJ2τ2

~2V
ER × (S × Ṡ) − D∇ρ

Effective electric and magnetic fields

j =
1

µ
∇ × Bs + σcEs − D∇ρ,

.

.

. ..

.

.

Es = −αRER × N

Bs = −βiN

N = S × Ṡ spin damping

αR =
4eνλJ2τ2

σc~2

βi =
16eνµλJ2εFτ

2

3~2

M
N

˙ M 

N 

!



Maxwell's equation in spin transport

Spin pumping + inverse spin Hall
Effective electric and magnetic fields
.

.

. ..

.

.

Es = −αRER × N

Bs = −βiN

αR =
4eνλJ2τ2

σc~2

βi =
16eνµλJ2εFτ

2

3~2

Maxwell's equation

.

.

. ..

.
.

∇ × Es + Ḃs = −jm

∇ · Bs = ρm

∇ · Es = −
ρ

ϵ

∇ × Bs = µj + ϵµĖ

jm = αR∇ × (ER × N) + βiṄ

ρm = −βi∇ · N

N = S × Ṡ spin damping

M
N

˙ M 

N 

!

Monopole exists !
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Spin damping monopole Takeuchi '11

Angular momentum transfer Spin⇒orbital

Spin dampingN = S × Ṡ

�
�

�
�Decay of spin angular momentum

⇓ Spin-orbit interaction�
�

�
�Generation of orbital angular momentum

Inhomogeneous damping
Spin angular momentum

Orbital angular momentum

Rotational motion of electron
≃ effective magnetic flux

⇒Monopole�
�

�
�ρm = ∇ · N
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�
�

�
�Decay of spin angular momentum

⇓ Spin-orbit interaction�
�

�
�Generation of orbital angular momentum

Inhomogeneous damping
Spin angular momentum

Orbital angular momentum

Rotational motion of electron
≃ effective magnetic flux

⇒Monopole�
�

�
�ρm = ∇ · N



Spin damping monopole Takeuchi '11

Angular momentum transfer Spin⇒orbital

Spin dampingN = S × Ṡ
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Angular momentum transfer Spin⇒orbital

Inhomogeneous damping
Spin angular momentum

Orbital angular momentum

Rotational motion of electron
≃ effective magnetic flux

⇒Monopole�
�

�
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Time-dependent damping
Spin angular momentum

Voltage

Change of magnetic flux
⇒ Voltage, current
≃Monopole current�
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�∇ × E = −Ḃ + jm
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Monopoles

Dirac's monopole Dirac'31
String singurality

Grand unified theory monopole 't Hooft, Polyakov, '74
Symmetry breaking SU(5)→ U(1)
E & 1017 Gev

Hedgehog monopole Volovik '87

Ferromagnetic metal SU(2)→ U(1)

ρH = −ϵijk∇iS · (∇jS × ∇kS)

jH,i = ϵijkṠ · (∇jS × ∇kS)

Spin ice monopole Castelnovo'08
Frustrated spin
Fictitious magnetic charge (?)
Not coupled to electromagnetism (?)

Momentum space monopole Nagaosa
Anomalous Hall effect



Monopoles

Spin damping monopole Takeuchi ' 2011

Ferromagnetic metal
Emerges from spin dynamics +
spin-orbit
Skewed projection SU(2)→ U(1)

Monopole pumping

x
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z
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j
m j
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+

+

-
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-

!
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M

˙ M 

N
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(a)! (b)!

!E
R

Same system as spin pumping + inverse spin Hall !!
Different (better) explanation
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Summary

Microscopic formalism for spin transport

Fully quantum calculation Perturbation theory

Each contribution is directly calculable
No need for semiclassical transport equation

Spin relaxation torque β torque, spin injection, spin chemical

potential

Spin pumping + inverse spin Hall
Rigorous description of spin-charge conversion

Monopole...? → A.Takeuchi (O-3)
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