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Carrier scattering by neutral divalent impurities in semiconductors: Theory and experiment
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We have developed a theoretical model describing carrier scattering by divalent impurities in semiconduc-
tors. The mobility predicted by the model based on the scattering of electrons by helium atoms shows excellent
agreement with the low-temperature mobilities measured for three Ge samples doped with different double
acceptors; Be, Zn, and Hg. We show that the scattering cross sections of these double acceptors are the same
despite the large difference in ionization energies. This supports our assumption that the contribution of the
central-cell potential to neutral impurity scattering is negligible.@S0163-1829~97!06328-5#
d
an
er

y
i
m
c
iv
‘H
g
re
a
e
-
th
b
s

ica
e
eo
n

a
in
e
s
ca
t
to
u

in
t
tral

ech-
he
to-
and

by
on
in

ing
on-
e
ow-
g

s of
f
10
er
n in
nd
em-

en
-

I. INTRODUCTION

The development of the hydrogenic-effective-mass mo
for shallow impurities in semiconductors has led to the qu
titative understanding of a wide variety of physical prop
ties such as the far-infrared impurity absorption spectra1 and
the free-carrier mobility limited by neutral shallow-impurit
scattering.2 The model is based on the scaling of the atom
hydrogen in vacuum to a semiconductor by using the se
conductor material-dependent dielectric constant and the
rier effective mass. The success of the hydrogenic-effect
mass model has motivated researchers to develop the ‘
effective-mass model’’ for divalent impurities by startin
from the analysis of the atomic helium in vacuum. The
sulting agreement between the He-effective-mass model
the double donor~acceptor! absorption spectra in Si and G
is excellent.3 While the ground-state energy of divalent im
purities shows large chemical shifts due to the effect of
central-cell potential, the excited states are well described
the He-effective-mass model because the wave function
the excited electrons~holes! are spatially delocalized. It is
therefore of great scientific interest to examine the appl
bility of the He-effective-mass model to other physical ph
nomena in semiconductors. In this work we develop a th
retical model for carrier scattering by neutral divale
impurities in semiconductors.

Scattering by neutral impurities is one of the princip
mechanisms limiting the low-temperature carrier mobility
lightly compensated semiconductors. So far all the mod
for this scattering process have assumed that the cross
tion of the neutral scattering center in a semiconductor
be described by the electron-scattering cross section of
free hydrogen atom properly scaled to semiconduc
materials.4–6 This approach has been successfully used by
560163-1829/97/56~4!/1906~5!/$10.00
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to calculate low-temperature electron and hole mobilities
Ge doped with hydrogenic impurities.2 However, attempts a
applying the hydrogenic model to the scattering by neu
double donors7 and acceptors8 have met with very limited
success. Understanding this scattering mechanism is of t
nological importance, for example, for the modeling of t
performance of Ge:Be and Ge:Zn low-temperature pho
conductors that are widely used by astronomers
astrophysicists.9

The theoretical model describing carrier scattering
neutral divalent impurities presented in this paper is based
the electron-scattering cross sections of a helium atom
vacuum. It should be applicable to a wide range of scatter
problems involving double donors and acceptors in semic
ductors. Strong support for our model will come from th
direct comparison between theoretical and experimental l
temperature Hall mobilities for Ge:Be, Ge:Zn, and Ge:H
samples.

II. THEORY

A. Neutral impurity scattering

Figure 1 shows the electron-scattering cross section
hydrogen~H! and helium~He! in vacuum as a function o
incident electron energy. Electrons with energy less than
eV are scattered more efficiently by H while those larg
than 10 eV are scattered more by He. This feature, show
Fig. 1, suggests that the mobilities predicted by the H- a
He-based models will have different dependencies on t
perature.

Meyer and Bartoli have shown that the electron-hydrog
(e2-H! scattering cross sectionssH in vacuum can be ap
proximated by6
1906 © 1997 The American Physical Society



on
on

q

s

w
le

e
-
-

is

eir

ined
ral
ro-
y
t-
the
ic.

-
ng

the
o
im-
res
g
d
ore
ial
ow
e a

56 1907CARRIER SCATTERING BY NEUTRAL DIVALENT . . .
sH~w!5AH~w!a0 /k, ~1!

with

AH~w!5
35.2

w1/2

~11e250w!~1180.6w123.7w2!

~1141.3w1133w2!

3F 1w ln~11w!2
~110.5w20.167w2!

~11w!3 G , ~2!

wherea0 is the Bohr radius of the hydrogenic center andk is
the magnitude of the wave vector of the incident electr
w5EInc /EB is the scaled energy of the incident electr
whereEInc is the energy of an incident electron andEB is the
electron binding energy of the scattering center. From E
~1! and~2! one can derive the scattering ratetH

21 for neutral
hydrogenic impurity scattering:6

tH
215

AH~w!kNN\3

md*
2e2

, ~3!

wherek is the dielectric constant,NN is the neutral impurity
concentration, andmd* is the density-of-states effective mas
The mobility calculation based on Eqs.~2! and~3! has been
shown to agree very well with experimentally measured lo
temperature Hall mobilities of Ge:As and Ge:Ga sing
crystals.2

The model based on electron-helium (e2-He! scattering
proposed in this work is constructed in a similar mann
Figure 2 showsAHe(w) for e

2-He scattering in vacuum cal
culated by Saha10 and Nesbet11 and determined experimen
tally by Register, Trajmar, and Srivastava.12 The fitting of
these results with an equation similar to Eq.~2! leads to a
functionAHe(w) in Eq. ~1! for e2-He scattering~solid curve
in Fig. 2!:

AHe~w!5
6.1

w1/2

~11e235.7w!~1164.1w12.0w2!

~1112.5w18.6w2!

3F 1w ln~11w!2
~110.5w20.167w2!

~11w!3 G . ~4!

FIG. 1. Scattering cross sections of H and He in vacuum.
.

s.

.

-

r.

The ratetHe
21 for neutral double donor/acceptor scattering

then given by

tHe
215

AHe~w!kNN\3

md*mHe* e
2 , ~5!

wheremHe* 5E1m0k
2/EHe with EHe524.6 eV andE1 is the

ionization energy of the divalent scattering centers from th
neutral to their singly ionized states. For the choice ofE1 it
may seem appropriate to use the experimentally determ
ionization energies which include contributions from cent
cores of impurities. However, we argue here that the app
priate choice ofE1 is the binding energy of the perfectl
He-like impurity without a central-cell potential since sca
tering events are expected to take place far away from
impurity core where the potential is essentially Coulomb
For this casemHe* 5md* , i.e., Eq.~5! becomes

tHe
215

AHe~w!kNN\3

md*
2e2

. ~6!

B. Total mobility calculation for doped Ge
at low temperatures

In the following section we will compare directly the mo
bility calculation based on our neutral impurity scatteri
model with mobility measurements fromp-type Ge:Be, Zn,
and Hg samples. In this process the calculation requires
inclusion of not only neutral impurity scattering but als
other important scattering mechanisms. Because neutral
purity scattering becomes dominant only at low temperatu
(T,40 K!, we include the contributions of three scatterin
mechanisms: neutral impurity, ionized impurity, an
acoustic-phonon deformation-potential scattering. We ign
the contribution of optical-phonon deformation-potent
scattering since it has a negligibly small effect at such l
temperatures. In the following discussion we shall assum

FIG. 2. A(w) for e2-He scattering given by Saha~Ref. 10! ~s!,
Nesbet~Ref. 11! ~j!, and Register, Trajmar, and Srivastava~Ref.
12! ~n!. The solid curve is the fit given by Eq.~4!.
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p-type semiconductor, i.e.,NA.ND , whereNA andND are
the acceptor and donor concentrations, respectively.

The neutral impurity scattering relaxation timetneutral
21 is

calculated using our proposed model@Eqs. ~4! and ~6!#.
Other models such as the hydrogenic model@Eqs. ~2! and
~3!# and the helium model with experimentally determin
ionization energy@Eqs. ~4! and ~5!# are also used for com
parison. The concentration of neutral impurity centers a
function of temperatureNN(T) is given by

NN~T!5NA2ND2p~T!, ~7!

wherep(T) is the free hole concentration.
For the ionized impurity scattering, we employ th

Brooks-Herring expression:13,14

t ion
215

pNIe
4~kBT!23/2x23/2

~2mcon* !1/2k2 F lnS 11
4x

a D2
4x/a

114x/aG
with a5

2p\2e2

m* kkB
2TS p1

~NA2ND2p!~ND1p!

NA
D . ~8!

x5EInc /kBT (EInc : incident hole energy!, mcon* 50.28m0 is
the average conductivity effective mass forp-type Ge, and
NI is the ionized impurity concentration. The temperatu
dependentNI is given by

NI~T!5p~T!12ND . ~9!

For the acoustic-phonon deformation-potent
scattering,15

tac
215Bac~mcon* T!3/2x1/2, ~10!

where the constantBac59.503108 g3/2 K23/2 for p-type
Ge.2

Having foundt21 of all three scattering mechanisms, w
calculate an averagêt& using the Maxwell-Boltzmann inte
gration:

^t&5
4

3Ap
E
0

` x3/2exp~2x!

tac
211t ion

211tneutral
21 dx. ~11!

Finally the total Hall mobilitym total is then given by

m total5
^t2&

^t&2
e^t&
mcon*

, ~12!

where^t2&/^t&2 is the Hall factor.
All the parameters except for the sample dependentNA ,

ND , and p(T) are known. These three parameters will
determined precisely for each sample by perform
variable-temperature Hall-effect measurements. Con
quently all mobility calculations are performed without a
adjustable or scaling parameters.

III. EXPERIMENTAL RESULTS AND DISCUSSION

We have measured the low-temperature Hall mobilities
Ge:Be and Ge:Zn samples. The Hall data of Ge:Hg ta
with and without blackbody illumination given b
Blakemore8 are also used in our analysis. The melt-dop
Ge:Be and Ge:Zn crystals used in this work were grown
a

e

l

g
e-

f
n

d
y

the Czochralski method in H2 atmosphere. Square-shape
samples~83830.8 mm3) were cut from each ingot and an
nealed at 700 °C for 3 h in N2 atmosphere in order to disso
ciate all the acceptor-hydrogen complexes formed during
growth.16 The van der Pauw contact configuration with b
ron implanted contacts at the four corners of each sample
a magnetic-field strength of 3000 G were employed in
Hall measurements.

Be, Zn, and Hg in Ge are double acceptors and in th
neutral state bind holes with ionization energies for neutra
singly ionized states (E1) of 24.5, 33, and 91 meV, respec
tively. The binding energies for singly ionized to doubly io
ized states (E2) are 65, 87, and 230 meV for Be, Zn, and H
respectively. The relatively large variation of the binding e
ergyE1 arises from the different structures of the central-c
potentials. Without these central-cell potentials the bind
energies of neutral Be, Zn, and Hg in Ge would be expec
to be those of a perfectly He-like impurity (EB520.3 meV!,
i.e., the scattering cross sections would be the same fo
the impurities as described by Eq.~6!. Figure 3 shows the
temperature-dependent free hole concentrationp(T) of
Ge:Be, Ge:Zn, and Ge:Hg samples taken in the dark. S
E1!E2 for Be, Zn, and Hg, the experimentally determine
p(T) are fitted with standard freeze-out statistics for a se
conductor doped with monovalent acceptors containing o
one ionization energyE1 :

17

p1ND5
NA

11~gp/NV!exp~E1 /kBT!
. ~13!

NV is the effective density of valence-band states,g5 3
2 is the

spin degeneracy for double acceptors,18 andE1 is the ioniza-

FIG. 3. Temperature-dependent hole concentration in Ge
~m!, Ge:Zn~j!, and Ge:Hg~d!. The solid curves are the best fit
obtained with Eq.~13!.



n

es
e
f
i-
-

Be,

s
our
e
l-
hile
r-
he
gli-

t
the
ion
an
g
tic-
nd,
ity
at-
ion-
m-
er
u-
nt
ty
:Be

uch

a

ur
-
n
-

ms

56 1909CARRIER SCATTERING BY NEUTRAL DIVALENT . . .
tion energy for neutral to singly ionized states.NA andND
obtained by fitting with Eq.~13! for each sample are show
in Table I.

Figure 4 shows the Hall mobilities in the three sampl
The Ge:Hg data taken from Ref. 8 consist of the data m
sured in the dark~filled circles! and with the presence o
illumination ~open circles!. The lines indicate three theoret
cal total Hall mobility calculations employing different neu
tral scattering models:~i! The He model@Eqs. ~4! and ~6!#

FIG. 4. Data points represent experimentally determined H
mobilities in the dark~d! in ~a! Ge:Be,~b! Ge:Zn, and~c! Ge:Hg
samples. The Ge:Hg mobility data taken from Ref. 8 were meas
with ~s! and without~d! blackbody illumination. The solid, bro
ken, and dashed curves are the result of calculations based o~i!
our proposed model, thee2-He model without the central-cell con
tribution; ~ii ! the e2-H model, and~iii ! the e2-He model with the
central-cell contribution, respectively.

TABLE I. NA andND obtained from the Hall curve fittings.

Sample NA (cm23) ND (cm23)

Ge:Be 1.031015 3.031012

Ge:Zn 1.531015 5.031010

Ge:Hg 1.531015 1.031012
.
a-

with E1520.3 meV for a perfectly He-like acceptor~solid
curves!, ~ii ! the H model@Eqs. ~2! and ~3!# with EB511.2
meV for a perfectly hydrogenic acceptor~broken curves!,
and ~iii ! the He model@Eqs.~4! and ~5!# with the actualE1
for each acceptor species, i.e., 24.5, 33, and 91 meV for
Zn, and Hg, respectively~dashed curves!. Excellent agree-
ment between calculation~i! and the experimental mobilitie
is demonstrated for all samples in strong support of
model based one2-He scattering. It is also shown that th
e2-H model, calculation~ii !, underestimates the hole mobi
ity and leads to an incorrect temperature dependence, w
calculation~iii ! with the central-core energy included ove
estimates the mobility indicating that the contribution of t
central-cell potential to the scattering cross section is ne
gible.

Finally, we show in Fig. 5 the contributions of differen
scattering mechanisms to the total mobility in Ge:Be. For
temperature range shown in Fig. 5, the relative contribut
of neutral impurity scattering is much more significant th
that of ionized impurity scattering due to the low dopin
compensation of the sample. The mobility due to acous
phonon deformation-potential scattering, on the other ha
is comparable with the one dominated by neutral impur
scattering. This is why it is important to include other sc
tering mechanisms especially acoustic-phonon deformat
potential scattering in our calculation. The appropriate co
putation of the mobility with no adjustable paramet
allowed for the differentiation between various neutral imp
rity scattering models as shown in Fig. 4. It is also importa
to point out that the relative contribution of neutral impuri
scattering is even larger in Ge:Zn and Ge:Hg than in Ge
throughout the temperature range of interest (T510240 K!
since the compensation ratios in Ge:Zn and Ge:Hg are m

ll

ed

FIG. 5. The contributions of the different scattering mechanis
to the total mobility of the Ge:Be sample.
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smaller than that in Ge:Be. Also the hole concentratio
p(T) in Ge:Zn and Ge:Hg are significantly smaller than th
in Ge:Be atT510–40 K as seen in Fig. 3, i.e., Eq.~7! shows
that the neutral scattering center concentrationNN is much
larger in Ge:Zn and Ge:Hg than that in Ge:Be. We theref
conclude with high confidence that thee2-He model devel-
oped @Eqs. ~4! and ~6!# in this work is an appropriate ap
proach for the treatment of carrier scattering by neutral di
lent impurities.

IV. CONCLUSION

We have developed a theoretical model describing car
scattering by neutral double donors and acceptors in se
E.

.
i,

E

s
t

e

-

er
i-

conductors. An accurate and widely applicable analytical
pression for the relaxation time has been obtained and u
to calculate the Hall mobility limited by the scattering o
holes by neutral double acceptors in Ge. Experimentally
termined Hall mobilities agree very well with the values o
tained from the model.
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