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The temperature dependence of the mobility of the two-dimensional electron gas (2DEG) in a

silicon quantum well strained by Si0:7Ge0:3 relaxed buffer layer is determined precisely by a

mobility spectrum analysis. The 2DEG mobility is 2780 cm2/V s at room temperature and, upon

cooling, increases continuously to reach l2DEG ¼ 7:4� 104 cm2=V s at 7 K. A back gate installed

on the sample changes the 2DEG concentration n successfully to establish l2DEG / n1:4 at the

constant temperature T ¼ 10K, implying that the scattering at such low temperature is limited

solely by the remote ionized impurity scattering. Based on this finding, theoretical analysis of the

temperature dependence of l2DEG is performed based on the relaxation time approximation using

2DEG wavefunctions and subband structures determined self-consistently and including three

major scatterings; by intravalley acoustic phonons, intervalley g-processes of longitudinal optical

(LO) phonons, and remote ionized impurities. The calculation included only three fitting

parameters, the shear deformation potential (Nu ¼ 9:5 eV), LO phonon deformation potential for

g-process scattering (D0 ¼ 9:0� 108 eV=cm), and sheet density of remote ionized impurities that

have been determined by quantitative comparison with our experimental results. The temperature

dependence of l2DEG calculated theoretically show excellent agreement with experimentally

determined l2DEG. VC 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.3702464]

I. INTRODUCTION

Reported values of the two-dimensional electron gas

(2DEG) mobility l2DEG in Si/SiGe heterostructures have

reached 2640� 2900 cm2=V s at room temperature.1–4 Such

numbers are about four times higher than the mobility in the

inversion layer in Si-MOSFET. The origin of the 2DEG mo-

bility enhancement in Si/SiGe heterostructures is the change

in the band structure by strain. The in-plane stress on the

well imposed by the adjacent lattice-mismatched layer splits

the sixfold-degenerate valleys of the silicon conduction band

into twofold-degenerate and fourfold-degenerate.5 With the

in-plane tensile stress, the twofold-degenerate valleys

become the bottom of the conduction band leading to a

decrease in the conductivity effective mass and increase in

transport relaxation time, i.e., enhancement of the electron

mobility is expected. The conductivity effective mass

become 0:195m0,6 when the splitting energy is much higher

than the thermal energy and electrons occupy only the

twofold-degenerate valleys. However, such decrease in the

conductivity effective mass enhances the mobility only by

30% and cannot be accounted for the four times enhance-

ment reported before. Therefore, the increase of the transport

relaxation time is the main factor contributing to the

enhancement of the mobility by four times.1–4

The transport relaxation time is enhanced mainly by the

suppression of f-process scattering, which is a scattering from

one valley on a particular axis in k-space to one of other valleys

on other axes in k-space. When the large enough in-plane ten-

sile stress limits the electron occupations exclusively to the

twofold-degenerate valleys situating on the same axis in

k-space, f-process scattering is suppressed and phonon scatter-

ings are allowed only for intravalley scattering and intervalley

g-process scattering between the two occupiable valleys. In the

past, it has been difficult to determine empirically the deforma-

tion potentials for such intravalley and intervalley g-process

scattering since, for the case of Si-MOSFETs, intravalley, f-pro-

cess and g-process coexist all together. Because independent

determinations of the deformation potentials for the above men-

tioned three scattering mechanisms are very important for the

device simulations of Si-MOSFETs, the present work demon-

strate convincingly the determinations of the deformation

potentials for intravalley scattering and intervalley g-process

scattering in silicon using silicon quantum well (QW) strained

by Si0:7Ge0:3 relaxed buffer layer in which all electrons are

forced to occupy the twofold-degenerate valleys situating in the

plane perpendicular direction.

The experimental method we have employed to probe

purely the temperature dependence of the 2DEG mobility

l2DEG, i.e., excluding the parallel conductions through the

modulation-doped layer, buffer layer and substrate, is the

maximum-entropy mobility spectrum analysis (ME-MSA).7
a)Author to whom correspondence should be addressed. Electronic mail:

kitoh@appi.keio.ac.jp.
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Using this technique, l2DEG ¼ 2900 cm2=Vs at room tem-

perature was probed recently.4 The experimentally deter-

mined temperature dependence of the 2DEG mobility was

compared quantitatively with theoretical calculation to check

for the appropriateness of our theoretical model and to deter-

mine the shear and g-process of longitudinal optical (LO)

phonon deformation potentials empirically. The calculation

we employed involves the parabolic band with a variety of

scattering mechanisms including phonon scattering with ani-

sotropic deformation potentials proposed by Herring and

Vogt in Ref. 8 and remote ionized impurity scattering.

II. EXPERIMENTS

A schematic diagram of our sample is presented in Fig. 1.

The SiGe buffer layer consisting of a compositionally step-

graded Si1�xGex (x ¼ 0! 0:3) layer (300 nm) and a uniform

Si0:7Ge0:3 layer (1 lm) were grown by gas source molecular

beam epitaxy (GS-MBE) on a p-type Si(001) substrate. After

the planarization of the buffer layer by the chemical mechani-

cal polishing,9 the sample was loaded to GS-MBE again to

form further a Si0:7Ge0:3 buffer layer (100 nm), a strained Si

channel layer (15 nm), and a Si0:7Ge0:3 spacer layer (20 nm).

Then, the sample was transferred to a solid source MBE to

form a antimony (Sb) delta doped (3� 1012 cm�2) layer, a

Si0:7Ge0:3 layer (40 nm), and a silicon cap layer (5 nm).

A mesa-type Hall bar was used for the ME-MSA and

Hall effect measurements. The front electrodes were formed

by ion implantation of phosphorous and evaporation of alu-

minum. An electrode to apply the back-gate voltages was

formed by an AuGa evaporation. The electron Hall mobility

and sheet carrier density of the whole structure were

obtained by the conventional Hall effect using a magnetic

field of 300 mT. The drift mobility, conductivity, and carrier

density in each conduction layer were obtained by ME-MSA

in the following way. The magnetic-field dependencies of

the magnetoresistance (longitudinal resistance) and Hall

resistance (perpendicular resistance) were measured in the

range from 0 to 9 T with superconducting magnet at a fixed

temperature. These values were converted into conductivity

tensor components, rxxðBÞ and rxyðBÞ, in accordance with

the Hall bar geometry we employed. Then a maximum-

entropy method was performed to obtain mobility spectrum.7

III. CALCULATION

A. Conduction band structure

The splitting energy of the twofold- and fourfold-valleys

in a strained Si QW is proportional to the Ge content x of

Si=Si1�xGex heterostructures.10 The electron occupancy of

the twofold degenerate valleys is expected to be 100% at

room temperature, when the Ge content becomes more than

20% in Si=Si1�xGex heterostructures.11 In the present work,

we assume electrons exist exclusively in the twofold degen-

erate valleys even at room temperature because the Ge con-

tent of our sample is 30% leading to the splitting energy of

�200 meV. Ellipsoidal parabolic bands are assumed. In all

regions of Si and SiGe, the longitudinal effective mass ml

and transverse effective mass mt we employed are 0:916m0

and 0:19m0 determined experimentally for Si,12 which

agrees with the theoretical consideration.13

B. Self-consistent solution

The Bloch function cannot be employed in the direction

of the confinement, i.e., to the plane-perpendicular direction

of the strained Si QW. Therefore, the wavefunctions and the

subband energy levels in this direction were obtained by

solving Schrödinger and Poisson equations self-

consistently.14–16 The Schrödinger equation is described by

� �h2

2ml

d2

dz2
� e/ðzÞ þ VbðzÞ

� �
fiðzÞ ¼ EifiðzÞ; (1)

where /ðzÞ is the electrostatic potential, VbðzÞ is the potential

energy associated with heterojunction discontinuity, Ei is the

energy of the bottom of the ith subband, and fiðzÞ is the

wavefunction of the ith subband in the confinement direc-

tion. In accordance with the previous reports that calculated

the energy difference of the conduction bands between a

strained Si and SiGe,13,17 the energy difference is assumed to

be 200 meV. Thus, VbðzÞ is 0 meV in the quantum well and

200 meV outside. The Poisson equation is described by

d2/ðzÞ
dz2

¼ e

j
½NA � NhðzÞ þ

X
i

nijfiðzÞj2�; (2)

where j is the dielectric constant, ni is the electron density in

ith subband, NhðzÞ is the concentration of free holes, and NA

is the background acceptor concentration. In the present

work NA ¼ 1016 cm�3. The value of dielectric constant is

12:9j0 for the SiGe layer18 and 11:9j0 for the Si layer.19 In

order to calculate ni, the Fermi energy EF has been deter-

mined to satisfy an experimentally obtained 2DEG carrier

density n2DEG. ni is described by

ni ¼
ð

nvgiðEÞf0ðEÞdE; (3)

where nv ¼ 2 is the number of degenerate valleys, giðEÞ is

the density of states of the ith subband, E is the energy ofFIG. 1. A schematic diagram of the sample structure.

073715-2 Tanaka et al. J. Appl. Phys. 111, 073715 (2012)



electrons, and f0ðEÞ is the Fermi-Dirac function. With this ni

the Poisson equation is solved.

C. Intravalley scattering

As proposed by Herring and Vogt,8 the intravalley de-

formation potentials associated with longitudinal

NLAðb==; bzÞ and transverse acoustic phonons NTAðb==; bzÞ
are anisotropic and described by

NLAðb==; bzÞ ¼ Nd þ Nu
b2

z

b2
== þ b2

z

; (4)

NTAðb==; bzÞ ¼ Nu

b==bz

b2
== þ b2

z

; (5)

where Nd is the dilation deformation potential, Nu is the

shear deformation potential, b== and bz are the in-plane and

perpendicular components of the phonon wavevector,

respectively. There are many theoretical and experimental

reports on the values of Nd and Nu as summarized in Ref. 20.

Although the values reported for Nd by the same group scat-

ters severely between �11.7 eV (Ref. 21) and 1.1 eV,20 it

has been shown convincingly in Ref. 20 that Nd ¼ 1:1 eV.

Thus, the present work employs Nd ¼ 1:1 eV and treats Nu

as a parameter to be determined by comparison with the

experiment below T ¼ 100 K, since intervalley scattering

can be negligible. The value of Nu ¼ 9:5 eV will be obtained

based on the experimental results, which is in reasonable

agreement with the previous experimental work.22 When the

intravalley scattering is treated as an elastic scattering, the

transition probability from lth subband to mth subband

including the anisotropy of the intravalley deformation

potentials is described by23

Wðk0; kÞ ¼ 2pkBT

qX�hu2
s

ð1
�1

dbzN
2
i ðb==; bzÞI2

mlðbzÞ

dk0;kþb==d½Eðk
0;mÞ � Eðk; lÞ�; (6)

where

ImlðbzÞ ¼
���
ð

dzf�mðzÞflðzÞexp½ibzz�j: (7)

Here kB is the Boltzmann constant, T is the temperature, q is

the crystal density, X is the normalization volume, us is the

sound velocity (uLA or uTA), Niðb==; bzÞ is the deformation

potential (i ¼ LA or TA), k is the in-plane component of the

electron wavevector in the initial state, and k0 is the in-plane

component of the electron wavevector in the final state. The

integration over bz indicates that the conservation of wave-

number is broken in the plane perpendicular direction. Inte-

grating all the phonon wavenumbers, the transport relaxation

time sl
intra½Eðk; lÞ� is described by

1

sl
intra½Eðk; lÞ�

¼ mtkBT

ð2pÞ2q�h3u2
s

X
m

ð1
�1

dbzI
2
mlðbzÞ

�
ð2p

0

dhN2
i ðb==; bzÞ 1� k0cos h

k

� �
U½Eðk; lÞ � Eð0;mÞ�;

(8)

where h is the scattering angle formed by k and k0, and UðEÞ
is the step function. From the conservation of in-plane wave-

number and energy,

b== ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 2kk0cos hþ k02

p
(9)

k0 ¼ 2mt

�h2

� �0:5 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eðk; lÞ � Eð0;mÞ

p
: (10)

D. Intervalley g-process scattering

Intervalley g-process scattering is treated in the conven-

tional manner in which a constant deformation potential and

constant phonon energy are assumed.11,21 Similar to bulk Si,

LO phonons are the major source of intervalley g-process

scattering in a strained Si QW and its rate is described by11

1

sl
inter½Eðk; lÞ�

¼ mtD
2
0

2q�h2x0

X
m

ð
dzjfmðzÞj2jflðzÞj2

1� f0½Eðk; lÞ � �hx0�
1� f0½Eðk; lÞ�

� N0 þ
1

2
6

1

2

� �
U½Eðk; lÞ � Eð0;mÞ � �hx0�; (11)

where �hx0 is the energy of LO phonons and N0 is the num-

ber of LO phonons. The first-order scattering by LA and TA

phonons also exists. However the calculated first-order scat-

tering rate using the method given in Ref. 24 and reported

deformation potential values in Ref. 25 is much smaller com-

pared to zeroth-order scattering by LO phonons. Thus,

we consider only the zeroth-order scattering in the interval-

ley g-process. The LO deformation potential of g-process

D0 ¼ 9:0� 108 eV=cm will be determined empirically using

the experimentally obtained mobility at 300 K.

E. Remote ionized impurities scattering

Our sample has an antimony (Sb) doped layer at 20 nm

away from the strained Si channel. Thus the remote ionized

impurities scattering is taken into account. For calculation of

073715-3 Tanaka et al. J. Appl. Phys. 111, 073715 (2012)



transport relaxation time, only intrasubband scattering is

considered since intersubband scattering is negligible. In the

Born approximation the transport relaxation time is

described by26

1

sl
RI½Eðk; lÞ�

¼ mtNi

2p�h3

ð2p

0

dhjtqðziÞj2ð1� cos hÞ; (12)

where Ni is sheet density of ionized impurities, q ¼
k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1� cos hÞ

p
is momentum transfer, zi is the position of

ionized impurities and the factor tqðziÞ is the effective poten-

tial for electrons as in Ref. 26 with dielectric screening taken

into account as in Ref. 27. To set the range of the QW as

0 < z < 20 nm, zi ¼ �20 nm is obtained from the sample

structure. In our calculation, Ni ¼ 8:0� 1011 cm�2 is used

for sheet density of remote ionized impurities obtained by

quantitative comparison with experiment together with Nu.

F. Mobility calculation

The total transport relaxation time from lth subband is

given by

1

slðEÞ ¼
1

sl
intraðEÞ

þ 1

sl
interðEÞ

þ 1

sl
RIðEÞ

: (13)

Under the relaxation-time approximation with the Boltz-

mann equation, the mobility is given by26

l ¼ e

mt

P
l

Ð1
El

EslðEÞ @f0ðEÞ
@E dE

nv

P
l

Ð1
El

E @f0ðEÞ
@E dE

: (14)

In calculation, we considered up to the 9th subbands,

because the same calculations with more than the 10th sub-

band yields the same results.

IV. RESULTS AND DISCUSSION

Mobility spectra were obtained by the ME-MSA (Ref.

7) for the temperature between 7 K and 300 K. Figure 2

shows the magnetic field dependence of measured and fitted

conductivity tensor components rxxðBÞ and rxyðBÞ. Fittings

have been performed using7

rxxðBÞ ¼
X

i

sðliÞ
1þ ðliBÞ2

; (15)

rxyðBÞ ¼
X

i

sðliÞliB

1þ ðliBÞ2
; (16)

where sðliÞ is the partial conductivity. Based on these excel-

lent fittings, the mobility spectra shown in Fig. 3 have been

obtained for the temperatures (a) 300 K and (b) 7 K. The nega-

tive mobility represents that carriers are electrons rather than

holes. Between two peaks appearing in the negative mobility

regions, it is reasonable to assume that the peak at the higher

mobility represents the 2DEG mobility and the one on the

lower mobility represents the parallel conduction of electrons

through the Sb doped layer. Note that the integrated area

under each peak represents the conductivity of the correspond-

ing layer since the vertical axis is the partial conductivity.

Figure 4 shows the temperature dependence of the carrier

densities of the 2DEG (n2DEG, filled circles) and Sb-doped

FIG. 2. Experimentally measured magnetic field dependence of rxxðBÞ and

rxyðBÞ at 300 K (*) and 7 K (h) that have been fitted with Eq. (15) (solid

curve) for rxxðBÞ and Eq. (16) (dashed curve) for rxyðBÞ shown in Ref. 7.

FIG. 3. Mobility spectra of Si/SiGe heterostructures at (a) 300 K and (b)

7 K.
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(nSb, filled triangles) layers calculated from the conductivity

and mobility of the each layer found in Fig. 3 using the simple

relation n ¼ r=ql. Here the integration of the peak area was

used to determine the conductivity and the peak mobility

value was used as the representing mobility of the each layer.

Figure 4 also shows the total carrier density ntot of the struc-

ture (open squares) calculated based on the two-carrier layer

Hall model,

ntot ¼
ðn2DEGl2DEG þ nSblSbÞ2

n2DEGl2
2DEG þ nSbl2

Sb

; (17)

where the measured density l2DEG and lSb are taken from

the peak positions of the ME-MSA, i.e., Fig. 3 for the given

temperature. This total carrier density ntot should be com-

pared directly to the sheet carrier concentration ntot
0 of the

whole structure (crosses in Fig. 4) obtained from the conven-

tional Hall effect measurements. It is clear that ntot obtained

by our ME-MSA and ntot
0 obtained by the conventional Hall

effect agree very well demonstrating the reliability and

power of our ME-MSA method.

Figure 5 shows the temperature dependence of the

mobility l2DEG and lSb. Using the two-type carrier model,

the averaged mobility of the whole structure lave can be

found as

lave ¼
n2DEGl2

2DEG þ nSbl2
Sb

n2DEGl2DEG þ nSblSb

: (18)

As shown in Fig. 5, the averaged mobility lave found by ME-

MSA (open squares) agrees very well with the mobility found

by the conventional Hall effect (crosses), again, confirming the

reliability of our method. The 2DEG drift mobility l2DEG ¼
2780 cm2=Vs obtained at room temperature is almost a factor

of 3 larger than the Hall mobility 1070 cm2/V s. This shows the

importance of choosing ME-MSA to extract purely the nature

of the 2DEG layer when other conduction layers (in our case

the Sb doped layer) exist in parallel. Here the 2DEG mobility is

almost equal to the record mobility 2900 cm2/V s so far

reported for strained Si.4

In order to further probe the scattering mechanisms of the

2DEG, we have fabricated a back-gate that allows for tuning

the carrier concentration of the 2DEG layer at low tempera-

tures. Figure 6 shows mobility spectra of 2DEG with different

back-gate bias voltages recorded at T ¼ 10 K. The shift of the

FIG. 4. Temperature dependence of 2DEG density (�), parallel electron

density (~), and averaged density (h) obtained by the mobility spectrum

analysis and Hall density (�) obtained by Hall effect measurements.

FIG. 5. Temperature dependence of 2DEG mobility (�), parallel electron

mobility (~), and averaged mobility (h) obtained by the mobility spectrum

analysis and Hall mobility (�) obtained by Hall effect measurements.

FIG. 6. Mobility spectra of 2DEG with different back-gate bias voltages

indicated in the figures.

FIG. 7. 2DEG density (�) dependence of mobility with a variety of back

gate voltages at T ¼ 10 K. A fit to 2DEG mobility yields power dependence

na
2DEG.
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spectrum indicates successful modulation of the 2DEG mobil-

ity and conductivity. Figure 7 shows the mobility of 2DEG

(l2DEG) as a function of the 2DEG carrier density (n2DEG).

The back-gate allows for the significant change of the 2DEG

mobility and density in the range l2DEG ¼ 30000�
106000 cm2=Vs and n2DEG ¼ 1:2� 3:0� 1011cm�2. In this

entire rage, the 2DEG mobility is found to show l2DEG /
na

2DEG with a ¼ 1:4, the dependence expected for 2DEG at

low temperatures28 and a is very close to a ¼ 1:5 for the case

when the remote ionized impurity scattering is limiting

l2DEG.14 Therefore, it is sufficient to consider only the phonon

scattering and remote ionized impurities scattering in our cal-

culation of the temperature dependence of 2DEG mobility.

Figure 8 shows the experimentally obtained 2DEG mo-

bility (open circles), calculated mobility limited by intraval-

ley scattering (dashed line), calculated mobility limited by

intervalley scattering (chain line), calculated mobility lim-

ited by remote ionized impurities scattering (dotted line),

and calculated mobility including all the three scattering

(bold line). An excellent agreement is found between the

experimental and calculated mobility with the empirically

determined shear deformation potential (Nu ¼ 9:5 eV) and

longitudinal optical phonon deformation potential for

g-process scattering (D0 ¼ 9:0� 108 eV=cm). These values

are expected to be valid in calculations not only for strained

Si grown on Si1�xGex with x ¼ 0:3 but also unstrained Si,

i.e., applicable for device modeling of industrially produced

Si MOSFET.

V. CONCLUSION

By the maximum-entropy mobility spectrum analysis

and numerical calculations, we have studied transport prop-

erties of 2DEG in the Si quantum well strained by a

Si0:7Ge0:3 relaxed buffer layer. The emphasis has been

placed on manifestation of contribution of each scattering

mechanism to experimentally determined 2DEG mobility.

The shear deformation potential (Nu ¼ 9:5 eV) and longitu-

dinal optical phonon deformation potential for g-process

scattering (D0 ¼ 9:0� 108 eV=cm) determined in this work

shall be useful to determine other unknown deformation

potentials such as the f-process scattering in Si-MOSFET.
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